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all the questions.
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Answer Table for Objective Questions,
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anything else on this page.

4. Each objective question has 4 choices for its
answer : (A), (B), (C) and (D). Only ONE of
them is the correct answer. There will be
negative marking for wrong answers to
objective questions. The following marking
scheme for objective questions shall be used -
(a) For each correct answer, you will be

awarded 6 (Six) marks.
(b) For each wrong answer, you will be
awarded -2 (Negative two) marks.

(c) Multiple answers to a question will be
treated as a wrong answer.

(d) For each un-attempted question, you
will be awarded 0 (Zero) mark.

(e) Negative marks for objective part will
be carried over to total marks.

5. Answer the subjective question only in the
space provided after each question.

6. Do not write more than one answer for the
same question. In case you attempt a
subjective question more than once, please
cancel the answer(s) you consider wrong.

Otherwise, the answer appearing last only
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7. All answers must be written in  blue/
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the reverse.
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Special Instructions/Useful Data
Transpose of the matrix A
Set of complex numbers
Set of natural numbers
Set of rational numbers
Set of real numbers

Set of integers
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Q.2

Q.4

Q.5

IMPORTANT NOTE FOR CANDIDATES

* Questions 1-15 (objective questions) carry six marks each and questions

16-29 (subjective questions) carry fifteen marks each.

e Write the answers to the objective questions in the Answer Table for

Objective Questions provided on page 7 only.

Let V' be the vector space of all 6 x 6 real matrices over the field R. Then the dimension
of the subspace of V' consisting of all symmetric matrices is

(A) 15 (B) 18 C) 21 (D) 35

Let R be the ring of all functions from R to R under point-wise addition and

multiplication. Let 7/ ={f : R = R/| f is a bounded function}, J ={f : R -R| f(3)=0}.
Then :

(A) Jis anideal of R but I is not an ideal of R
(B) Iis an ideal of R but ¢/ is not an ideal of R
(C) both I and J are ideals of R

(D) neither I nor J is an ideal of R

Which of the following sequences of functions is uniformly convergent on (0,1)?

A) =z i D = D

nx+1 nx+1 nx+1

Let T: R* = R* be a linear transformation satisfying 7° + 37'% = 4], where I is the
identity transformation. Then the linear transformation S = 7% +37°% -47 is

(A) one-one but not onto (B) onto but not one-one
(C) invertible (D) non-invertible

The number of all subgroups of the group (Z,,, +) of integers modulo 60 is
(A) 2 (B) 10 (C) 12 (D) 60

MA-1/40
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Q.6

Q.7

Q.8

Q.9

Q.10

— if nis a prime,

if n is not a prime.

Then the radius of convergence of the power series zgnx" 18

n=]

(A) 4 (B) 3 (&

el

The set of all limit points of the sequence 1, —, —, —, —, —, —, —, =

@A) [o,1]
B) (0,1]
(C) the set of all rational numbers in [0, 1]

(D) the set of all rational numbers in [0, 1] of the form zﬂ" where m and n are integers

a | x 1
Let F: R—R be a continuous function and a>0. Then the integral II IF(y) dy |dx
0 Lo

equals
@A) [yF(y)dy B)  [@-y F(y)dy
0
. :
© [-a)F(y)dy D) |yF(y) ady
0 a

. . w1 al Y .
The set of all positive values of a for which the series z {; ~ tan 1(;)) converges, 18

n=]

A) (o. -5] B) [o, 5) © |3 ) (D) (3,

. |
Let a be a non-zero real number. Then lim - - J‘sm(t2 )dt equals
X—a x _a b

(A) ;—asin(az) (B) —2}&-1103((12) (C) —%sin(az) (D) -Elscos(az)

MA-2/40
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Q.11

Q.13

Q.14

Q.15

Let T'(x, v, 2) = xy* +22z-x"2" be the temperature at the point (x, y, z). The unit vector
in the direction in which the temperature decreases most rapidly at (1,0, -1) 1s

R,

1 R .

(A) ——= (B) } ==

55 V5 5

2 ». 38 1 2 & 3 & 1 2
C) —i+— +—k (D) { £+—j+—k]

Na  ia ia Via 147 14

Consider the differential equation 2 c:t}za,(_y2 ) dx—x ysin(y2 ) dy = 0. Then
(A) e" i1s an integrating factor (B) e 1s an integrating factor
(C) 3x is an integrating factor (D) x” is an integrating factor

Suppose V= p(x, y)f +q(x, y)Jj is a continuously differentiable vector field defined in a

domain D in R® Which one of the following statements 1s NOT equivalent to the
remaining ones?

(A) There exists a function ¢(x, y) such that %2= p(x, y) and g—¢=q(x, y) for all
X Yy
(x, y)e D
@ 2828 tulis ot sl poiiits of D

dx dYy

(C) cj-V'd r'=0 for every piecewise smooth closed curve Cin D
C

(D) The differential pdx + gdy 1s exact in D

Let f, g:[-1, 1] R, f(x)=x", g(x)=x*|x|. Then

(A) fand gare linearly independent on [—1, 1]
(B) fand g are linearly dependent on [-1, 1]

(C) f(x)g'(x)-f'(x)g(x) is NOT identically zero on [-1, 1]
(D) there exist continuous functions p(x) and g(x) such that f and g satisfy
y"+py+gy=0 on [-1,1]

The value of ¢ for which there exists a twice differentiable vector field ﬁ with
curl ﬁ=2xf—7yj+czﬁ 18

(A) O (B) 2 (C) 5 D) 7

MA-3/40
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Q.16 Container A contains 100 cc of milk and container B contains 100 cc of water. 5 cc of the
liquid in A is transferred to B, the mixture is thoroughly stirred and 5 cc of the mixture
in B is transferred back into A. Each such two-way transfer is called a dilution. Let a, be

the percentage of water in container A after n such dilutions, with the understanding

that a, =0.
(a) Prove that q, =@ and that, in general, a, =-1-92 +E a,.,forn=1223,... (6)
21 B0 21
. 19"
(b) Using (a) prove that a, =50|1 -[5-1-} N B A, SR
Find lim a, and explain why the answer is intuitively obvious. (9)
MA-8/40
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Q17 (@) Let f:NxXN — R be a non-negative function. Assume that for every me N, the

series Z f(m, n) is convergent and has sum a, and further that the series Z a,

n=1 m =]

1s also convergent and has sum L. Prove that for every n, the series Z f(m, n) is

convergent and if we denote its sum by b, then the series Z b, is also convergent
=]

and has sum L. (9)
(b) Define f: NxN — R by
0 if n>m,
-1 .
A :
f(m, n)=4{ gm-n s s
1 if n=m.
Show that Y %' f(m,n)=2 and D > f(m,n)=0. (6)
m=] n=] n=l m=1
i
|
MA-10/40
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Q.18 (a) Evaluate Hcos(max{xa, y% })dxdy, where R=[0, l]x [0, 1]. 9) |
R

10000
(b) Let S=v1+v2+/3+...+4/10000 and I= jJ.-?dx.Show that I <8 < I +100.(6)
0

MA-12/40
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Q.19 Let D={(x,¥): x20,y20}. Let f(x, y)=(:m:2 +y2)e""*" for (x, y)e D.

Prove that f attains its maximum on D at two boundary points.

x*+y°
Deduce that — = <e™ ™ forall x20, y20.

MA-14/40
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Q20 (a) Let a,,b,a,; b,eR. Show that the condition a,b,>0 is sufficient but not
necessary for the system

dx
—_— + "
> ke b,y

dy
7t a,x+0,y

to have two linearly independent solutions of the form x =¢,e*’, y =d, e’ and
x=c,e™, y=d,e™ with ¢,,d,,¢;,dy, 4, L ER. (9)

(b) Show that the differential equation representing the family qf all Btraight lines
which have an intercept of constant length L between the coordinate axes 1s

LY
. S (6)
' dx dy 2
1+[——-}
dx
MA-16/40
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Q.21

Let A, B, k >0. Solve the initial value problem

%—AJ"-FBJIE =0, x>0, y(0)=k.

Also show that

: fA : :
(a) Iif k< —B- , then the solution y(x) is monotonically increasing on (0, =) and tends to
Jﬁ as X —oo:
B |

: A . X ..
(b) if k> J: , then the solution y(x) is monotonically decreasing on (0, =) and tends

B
y .
to J; as x —oo, (15)

MA-18/40
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Q.22

(a) Evaluate
I(3y2 + 22%)dx+(6x—102)y dy+|dxz - 5y%)dz

a
along the portion from

of the two surfaces z° =x" + y? and z=y+1.

the intersection

(1,0,1) to (3, 4, 5) of the curve C, which 1s
(6)

(b) A particle moves counterclockwise along the curve 3x%+y*=3 from (1, 0) to a
X . Y5 Prove that there are two

der the action of the force I_‘" (x, y)=—1 +=]
y

point P, un
X

(9)

possible locations of P such that the work done by F is 1.

MA-20/40
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Q.23

-

Verify Stokes's theorem for the hemisphere x*+y*+2°= 9, z > 0 and the vector field

-

F=(zz-y)f+(x-—2yz)}+ (2xz—y2)£. (15)

MA-22/40
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Q24 (a) Let T: R? 5 R? be the linear transformation defined by T'(x, y, 2)=(x+2Y, x-2).

Let N(T) be the null space of T and W={E’e R} U -#=0, for all ue N(T)}. Find

a linear transformation S: R? _5 W such that 7S =1, where I1s the identity

(9)

. 2
transformation on R".

A+ AT =0. Prove that
(6)

(b) Suppose A is a real square matrix of odd order such that
A is singular.

MA-24/40
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Q.25 (a) Find all pairs (a, b) of real numbers for which the system of equations
x+3y=1
4x+ay+z=0
2x+3z2=0b

has (1) a unique solution, (ii) infinitely many solutions, (iii) no solution. (9)

(b) Let A be an n x n matrix such that A” =0 and A" #0. Show that there exists a

vector v e R" such that {v, Av,.... 4" } forms a basis for R". (6)

MA-26/40
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Q.26 (a) Inwhich of the following pairs are the two groups isomorphic to each other? Justify

your answers.
2/7 and S', where R is the additive group of real numbers and

(1)
S'={ze C :|z| = 1} under complex multiplication.
(i) (Z,+) and (Q, ). (9)
(b) Prove or disprove that f G is a finite abelian group of order n, and k is a positive
integer which divides n, then G has at most one subgroup of order k. (6)

MA-28/40
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a;€l,bed fori=12 ... n and ne N.

(@) Prove that LJ is an ideal of R and IJcJ NeJ .

(b) Isittrue that I/ =7 N ? Justify your answer.

(6)

MA-30/40
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Q.28 A sequence {f.} of functions defined on an interval I is said to be uniformly bounded
on I if there exists some M such that | f,(x)| < M for all xe I and for all ne N.

(a) Prove that if a sequence of functions {f, } converges to a function f on I and {f,}is
uniformly bounded on I, then f 1s bounded on I. (6)

) Suppose the sequences {f,} and {g,} of functions converge uniformly to fand g

respectively on I and both are uniformly bounded on I. Prove that the produt_:t
sequence {f,g,} converges to fg uniformly on I. Show by an example that this

may fail if only one of {f.} and {g, } is uniformly bounded on  § 9)

MA-32/40
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Q.29

(a)

(b)

C]|

Prove that if f 1s a real-valued function which is uniformly continuous on an
interval (a, b), then f is bounded on (a, b). (9)

Let f be a differentiable function on an interval (a, b). Assume that f' is bounded
on (a, b). Prove that f is uniformly continuous on (a, b). (6)
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