Class XII Chapter 6 — Application of Derivatives Maths

Exercise 6.1

Question 1:

Find the rate of change of the area of a

ircle with respect to its radius r when
(a)r=3cm (b) r=4cm :
Answer »

The area of a circl
A=m

Now, the rate

Hence, the ¢ , N its radius is 3 cm.

Hence, the a _ when its radius is 4 cm.

The volume of a is i ings rat. ) W fast is the surface area
increasing when :
Answer

Let x be the length of a side, V be the volume, and s be the surface area of the cube.
Then, V = x*> and S = 6x° where x is a function of time ¢.

It is given that dr \‘ »
Then, by using the chain rule, we :

S

~
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.ﬁ=3x{ﬁ
dt dt

av _d d
_,.3=E=5(-‘3)=g("3]

Thus, whe
Hence, if the

ace area is increasing

Question 3: |

at th
aladius is 10

The radius of a te of m/s. Find the rate at which
the area of the ¢
Answer

The area of a circle (A)W aius (r) is given by,

A=

Now, the rate of change of area (A) with respect to time (t) is given by,
l'-iA d 2 d?' ﬂ‘r .

—=—|mw | —=2mr— By chain rule

dt a'r\

It is given that,

dr
— =3 cm/

~
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% = 2:[r{3} =bhmr

Thus, when r = 10 cm,

dA
—_— I =
~ =6m(10)=60

Hence, the rate

60n cm?/s. .

adius is 10 cm is

e volume of

Answer
Let x be t
V=x*

dv

=3t
.ot *

It is given that,

% =3 cm/'s
% =3x7(3)=0x’

E:-;:r(u::)”:fm:n:] em’ /s Q

Thus, when x = 10 cm,
dl

~
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Hence, the volume of the cube is increasing at the rate of 900 cm?/s when the edge is 10

cm long.

Question 5:

A stone is dropped into a quiet lake anc move in circles at the speed of 5 cm/s. At

the instant when the radius of the circ m, how fast is the enclosed area
increasing?

Answer

The area of &
Therefore, the

d4 d
E_

It is giv
Thus, whe
dA _
uo

d area is increasing at

Hence, whe i ircular wavwe encla

The radius of a @Glkcle is increasingiat the ra hat is the rate of increase of
its circumference?™
Answer
The circumference of a circle (C) with radius (r) is given by
C = 2nr.
Therefore, the rate of change of circumference (C) with respect to time (t) is given by,
dc_dc dr
dt — dr di (By chain rule)

~
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= i[Z:rl:r) dr
dr di
dr

=2n-—
dt

Hence, the rate of

Question 7 :
The length x of

increasing a

]
—=-5cm/
di

(@) The peri

P=2(x+y)

:ﬁ:z[ﬁ
ot i

Hence, the peri

(b) The area (A) of* given by,
A=xXy
dA  dx dy
— = p+x-—==Sy+dx
s a T a
dA 3 . 4 .
—=(—5x6+4x8} cm”/min=2 cm”/min
When x =8 cmand y = 6 cm, d ,\

~

Hence, the area of the rectangle is increasing at the rate of 2 cm?/min. collegedunia
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Question 8:
A balloon, which always remains spherical on inflation, is being inflated by pumping in

900 cubic centimetres of gas per second. Find the rate at which the radius of the balloon

increases when the radius is 15 cm.
Answer
The volume of a ¢

V=i‘.l'ﬁ‘3

3

It is given that
900 = 4 i
dr o
dr 900 225
—_-—= T =
dt  Amrs @
Therefore, when radius = 15 cm,
dr 225 1

Hence, the rate at which the radius of the balloon increases when the radius is 15 cm

1 cnu's. &

is ™ -
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Question 9:
A balloon, which always remains spherical has a variable radius. Find the rate at which

its volume is increasing with the radius

en the later is 10 cm.

Answer

The volume of a
Rate of change o
dav _ i{i
dr  dr

Therefore
dv
dr

Hence,

dmi

Question 1
A ladder 5

ground, awa

g is leaning against a wall. The bott

the rate of 2 cmﬁHow fast is
eladder is 4% away from the

der is pulled along the
5 height on the wall

decreasing w
Answer

Let y m be the Also, let the foot of the

X2 + y? = 25 [Length © adder = 5 m]

= p=+25-x

Then, the rate of change of height (y) with respect to time (t) is given by,
dy -x  dx

di o5 dt ) -

dx =2 cmfs
It is given that df . :

~
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) Q_ -2x

dt 25y
Now, when x = 4 m, we have:
dv  -2x4 8

dt Jos—4 3
Hence, the heighf

Question

A particle me e y-
Answer
The eq
6y =x

The rate of e (t) is given by,

x-coordinate i.e.,

g(gﬂ)zfﬂ
¢t

collegedunia
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3
x=d,y=272_%6_y
When 6 6 .
-4) +2
_]::—4,:;=L=—E= 31
When 6 6

Answer

The air

£=l cm/s

It is given that @ 2

Therefore, when r =1 cm,
dv

E=4ﬂ{l]2(%]=21t cm’ /s ‘ »

Hence, the rate at which the volume of the bubble increases is 2n cm?/s.

Question 13: =9
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3
=(2x+1).
A balloon, which always remains spherical, has a variable diameter 2 Find the

rate of change of its volume with respect to x.

Answer

The volume of a sphere (V) with radius

|

3
It is given that:

Sand is pouring i ' . g sand forms a cone on the
ground in such'a way t i . | e-sixth of the radius of the
i i the height is 4 cm?

The volume of a con (V) with radius (r) and height (h) is given by,

L
V=—mrh
3

It is given that,

h=%r=>r:ﬁh \
V= %n{ﬁh]j h=12ah’ Q

~
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The rate of change of volume with respect to time (t) is given by,
£=12“i(;,3).ﬂ
dt dh dt By chain rule]

=121:(3h2}%

=36mh’ dh
dt

It is also give

sing at the rate

Question 15
The total cost € X units of an item is
given by
C(x)=0.007x"

Find the marginal nits are produced.
Answer

Marginal cost is the rate of change of total cost with respect to output.

=% 0007 (3x*)-0.003(2x) +15

~Marginal cost (MC)
=0.021x" = 0.006x+15 Q

~

When x = 17, MC = 0.021 (17%) — 0.006 (17) + 15 collegedunia
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= 0.021(289) — 0.006(17) + 15
=6.069 — 0.102 + 15
= 20.967

Hence, when 17 units are produced, th

marginal cost is Rs. 20.967.

Question 16:

The total revenue in Rupees rece

R(x)=13x"+26x

s of a product is given by

Find the manr

Answer
Margina

units sold

When x = 7
MR = 26(7)
Hence, the requil

Question 17:
The rate of chan¢ radius rat r = 6 cm is
(A) 10n (B) 12n (C)
Answer

The area of a circle (A) with radius (r) is given by,

A=
Therefore, the rate of chang the area with respect to its radius ris
di_d e

[:l:rz)=2m'

dr  dr _ l!!

~
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~“When r =6cm,

E=Zarcxlﬁ=]2'.lxl.:mlf’s
dr

Hence, the requirb

Marginal re s the rate of chc to the number of

~Marginal Re | . 6= 6x + 36

~When x = 15,

MR = 6(15) + 36 = 90 + 36 = 126

Hence, the required marginahqenue is Rs 126.
The correct answer is D. '

~
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Exercise 6.2

Question 1:

Show that the function given by f(x) =

+ 17 is strictly increasing on R.

Answer

Let™ and x, be

two numbers'in R.

Then, we have:

X, <x, = 3x

Question 3:

Show that the function given by f(x) = sin x is

03) 57

(@) strictly increasing in 2 (b) strictly decreasing in 2

(c) neither increasing nor decreasinguin (0, n)

Answer

The given function is f(x) = sin x. g
s f'(x)=cosx A 4
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Xe [U,g],cusx =),

f'(.x)}l}.

(a) Since for each we have

Hence, fis strictly increasing in .

(c) From the re

decreasing.in

Find the
(a) strict

Answer

[—mijf(x] =4x-3<0.
In interval 4

- S

Hence, the given function (f) is strictly decreasing in interval

(%,m],f'[x}=4x—3 >0, g

~

In interval
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_,m
Hence, the given function (f) is strictly increasing in interval .

Question 5:
Find the intervals in which the function fix) =2x>—3x> —36x + 7 is
(@) strictly increasing (b) strictl
Answer

The given functio

[(x)=6x" =

(_2, 3), ft{x]

Question 6:

Find the intervals in which thM functions are strictly increasing or decreasing:
(a) X2+ 2x — 5 (b) 10 — 6x — 2x*

(C) =2x% — 9x% — 12x + 1 (d) 6 — 9x — X g
(e) (x + 1)° (x - 3)° e

~
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Answer
(a) We have,

f(x)=x"+2x-5

L f(x)=2x+2
Now,
f*(ﬂ:{}z‘x =

Point x = —1 ¢ and (~1,%0).

In intervalli_m:I

~fis stric

Thus, fis t

In interval{

Thus, fis strictly :
(b) We have,

f(x) = 10 — 6x — 2x°
S f(x)=-6-4x

Now,

f'{x]:ﬂ:bx:—% \

S

~

collegedunia

Page 17 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

3

x==—
The point 2 divides the real line into two disjoint intervals

3 ma(5)

In interval[

~ fis strictly in

In inte

- fis strictl

fix) = -2x°
[(x)=—6x7

Now,

f(x)=0 =x

Points x = —1 and x = -2 diVide the real line into three disjoint intervals
i.e"{—m,—Z],[—Q,—l}, and (—1,%).
In intervals{_m’_z) and (—l,w}

Sf(x)=-6(x+1)(x+2)< 0

i.,e., when x < =2 and x > -1,

~
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. fis strictly decreasing for x < —2 and x > —1.

]=—6{x+1}(x+2]}ﬂ

The point
(—m,—g) and |-
2

In interval(

x<—=
= fis strictly increasing for

-

(_E Cﬂ] I}—E '
In interval\ 2 i.e., for 2 ,f (x)=-9-2x<0.

S

~
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A= ——
. fis strictly decreasing for

(e) We have,
fix) = (x+ 1)

7(x)=3(x+17'(

The poi 3 ¢ oint intervals

. - 2 2
In intervals (1, 3) and "% x)=6(x+1) (x=3) (x=1)>0

=~ fis strictly increasing in intervals (1, 3) and {3’00).

-

S

~
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Question 7:

2x
y=log(l+x)- ", x>-1
Show that 24+x , is an increasing function of x throughout its

domain.

Answer

We have,

y=log(l+x)-

=x=0
Since x > — bint intervals ie., —1<

x < 0and x

Also, when x > 0:

¥>0=x" >0, (24x) =0

2
' X

0

(2+x) l \

Hence, function fis increasing throughout this domain.

Question 8: 3

~
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2
=|lx(x-2

Find the values of x for which}F [ ( ]] is an increasing function.

Answer

We have,

y= [x(x— 2}]2 =[x2 —23:]I

In inte

-y is strictl

.y is strictly increasing for 0 < x < 1 and x > 2.

asing 1
’ o3

e (2+cos 3} -
Prove that is an increasing function of 8 in

Answer Q

We have,

Question 9:

~
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4sin6
y={2+ms€}_
cdy  (2+cos@)(dcosd)—4sinG(-sind
Cdr (2+cosO)’ |
_ 8cos@+4cos’ @ +4sin’
B (24.cos8)’
B 8cosf+4

S

~
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In interval 2 , we have cos 6 > 0. Also, 4 > cos 8 =4 —cos 6 > 0.

f(x)==>0.

1
It is clear that for x > 0, X

Hence, f(x) = log x is strictly increasing in interval (0, co).

Question 11: \

Prove that the function f given by f(x) = x*> — x + 1 is neither strictly increasing nor
strictly decreasing on (-1, 1). @
Answer -

collegedunia
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The given function is f(x) = x> — x + 1.
S f(x)=2x-1
Now, f'(x)=0= x:%.

1

The point 2 divides the interval (
1

=
i.e., 2

Now, in inter

However, in

Answer
) Lot (x)=cosx.
s (x)=—sinx
n . . :

[{l',—],f, (x)=—sinx<0.

In interval 2
(0.9 o

A (x]= COS X g strictly decreasing in interval 2J, )

collegedunia
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(B) Let fo(x)=cos2x.

oS (x)==2sin2x

Nuw,ﬂ{x«zg:»t}{?.xc:n:winh} -

The point

(ﬂ, E]
i.e., 0 3

Now, in interval sin3x<{}[m U::x{:»ﬂc:lx«:n}

= f3 is strictly decreasing in interval 3 .

-

However. in interval [gﬁ g],f;{x)=—3sin3x:=ﬂ [m %«: x«:g::»n: <3x<:3?ﬂ.

S

~
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= f3 is strictly increasing in interval 32 .

Therefore, fu

Hence, the col

Question 13:

\ =™ i —
On which of the fol S(x)=x""+sinx-1
decreasing?

57l
R
@ (D@, (2

WVals is the function f given by strictly

-

[*3)
(@) 2 (D) None of these

Answer
We have, 10,5}

~
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Sx)=x""+sinx-1
s (x)=100x" +cos x

(0, 1), cosx=>0and 100x™

In interval
s (x)=0.

Thus, function fis:s

In interval

Hence, function fis strictly decreasing in none of the intervals.

The correct answer is D.

Question 14:
2
. . . X)=x"4ax+l, .
Find the least value of a suchhnctlon f given f[ } is strictly
increasing on (1, 2).
Answer Q
We have, -

collegedunia
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[(x)=x"+ax+1

S (x)=2x+a

()00 o

Now, function f will be increasing in (1,

[(x)=0

>2x+a>0

= 2x >

Thus, the least value of a for f to be increasing on (1, 2) is given by,

—a_

Ay

2

_?a=]:>a:—2 \

Hence, the required value of a is —2.

S

Question 15: collegedunia
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Let I be any interval disjoint from (-1, 1). Prove that the function f given by

f[;t:}=x+l

X is strictly increasing on I.

Answer

We have,

f[x}:x+l

X

s (x)=1-

In interval
~“lzx=l

=x’ <l

1
=l<—,x
x

= fis strictly decreasing on {_1’ 1} . {U}

In intervals{_m’_l) and {1’ %sewed that:

S

~
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x<-lorl<x
=x =1

=>]:~1
xi

Answer

We have,

[ (x)=logsinx

;.f'[sz_;msx:cmx
s

(i}, g],f‘(x]= cotx > 0.

In interval

[ﬂ n] P
L . ; oo T2
. fis strictly increasing in . s

~
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[E, n],f‘{x]:cotx::ﬂ.
In interval 2

T
~f is strictly decreasing in 2

Prove thatt

strictly i

Answer

s f'(x)<0on

[E,n}, tanx <= —tanx = 0,
In interval

e
s f(x)>00on [%, ﬂt] '

collegedunia

Page 32 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

n
(_’ 'E]
~fis strictly increasing on 2 .

Question 18:

Prove that the f
Answer

We have,
f(x)=x
I'(x)

4 4
Thus, ! (x}is always positive in
Hence, the given function (f) is in

Question 19:

P Ny
The interval in which *' = ¢ s increasing is

w 2 6y 2,0 o) (0, 2)

Answer

We have,

> -x
y=xe
o=

~
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% =2xe —xe =xe* (2-x)
dy
Now,— =10,
oW e

= x=0andx=2
The points x = 0 and x = 2 divide the

e (2 0. 0

ree disjoint intervals

In intervals{

~fis decreasi

In inte

~ fis strictl easing on (0, 2).

Hence, fis str increasing in int

The correct ans

S

~
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Exercise 6.3

Question 1:

Find the slope of the tangent to the cu = 3x* — 4x at x = 4.

Answer

The given curve is y = 3x* — 4x,

cir:|
Hence, the slope of the tangent at x = 10 is 64

Question 3: \

Find the slope of the tangent to curve y = x> — x + 1 at the point whose x-coordinate is
2.

Answer oy

~

x=10

-1

collegedunia
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The given curve is-"”z:"fJ —x+1

dv_
e
o X

e is 2 is given by,

dinate is 3 is given by,

dx
Question 5:
T
6="
Find the slope of the normal We X = acos0, y = asin®0 at 4,
Answer ’

It is given that x = acos6 and y = asin’6. Q

~
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% =3acos’ #(-sin@) = —3acos’ @sind
L4 =3asin’ @(cos?)

dd
(%)
cdy _\d@) 3asin’@cosd
5_[£J_ acos’ @sing
dé

Therefore,

Q} ,
n‘x&:E'

Hence,

slope of the

Question 6:

b cos?6 at

Find the slope of the nt’al to thefeurve

Answer

dy =b c029.

It is given that x :

Eﬁ =—acos0 and —— = 2bcos0(—sin0)=—2bsinBcos O

)
‘__ﬂz(dﬂ =-2bsinElcnsE}=ESinH
dx (ﬂ] —acos0 a
do
T
==
2is given by, Q

Therefore, the slope of the tangent at

~
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dx

Q} = %sinﬁ} = %sinﬂ _2

ot @ 2 a

= o
B=
2

Find points at X~
axis.

Answer

The eq

Now, the ta is zero.

St —6x—

When x
When x
Hence, the point
(-1, 12).

Question 8:
Find a point on the curve y = (x — 2)? at which the tangent is parallel to the chord

joining the points (2, 0) and &4‘
Answer »

If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope of
the tangent = the slope of the chord.

collegedunia
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4-0 4

The slope of the chord is 4-2 2

Now, the slope of the tangent to the given curve at a point (x, y) is given by,

%=2[x—2}

Since the slope of the tangent
1{:—2] =2

= x—2=l=x:
When x =3, 3

Hence, the reg

Find the
Answer
The equatio
The equatio

formy =m

Now, the slope of'th @'the given curve at the point (x, y) is given by,

Then, we have:

3 -11=1

=3x' =12 \

=x' =4 ’

= x=4%2 Q
Whenx=2,y=(2)°-11(2)+5=8-22+5= -9, s
When x = =2, y = (=2)? =11 (-2) + 5= -8 + 22 + 5 = 19. coIIeg;dunia
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Hence, the required points are (2, —9) and (-2, 19).

Question 10:
Find the equation of all lines having slope
1

y=—,xzl
x-1

—1 that are tangents to the curve

Answer

The equatior
The slope of the

Thus, there ar . gi i —1. These are passing
through the points (0, —1) and (2,

~The equation of the : wrough (0, —1) is given by,

y=(-1)=-1(x-0)

= y+l=—x \

= y+x+l=0

~
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~The equation of the tangent through (2, 1) is given by,

>y +X

Hence, the ¢

Question 1

Find the equz:

The slope of the tangent to the given curve at any point (x, y) is given by,

&1
& (x-3)

If the slope of the tangent is wnen we have:
-1

=2
(x-3)

S

~
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This is not possible since the L.H.S. is pt

itive while the R.H.S. is negative.

Hence, there is no tangent to the given ing slope 2.

Question 12:
Find the equatior

0, then we have:

¥
When x = 1, 1-2+3 2

)
. =
~The equation of the tangent through( 2 is given by,

-

~
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y===0(x-1)
1
=>y—5—f.}
ok
)

Hence, the equatio

Question

Then, 9 16 forx =0

=y =l6=y=14

Hence, the points at which thM are parallel to the x-axis are
(0, 4) and (0, — 4).

~
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(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which
-1 9y

= =0
[—lﬁx] 16x
gives 9y >y =0.

2
LA
Then, 9 16
= x=43

Hence, the po

he indicated points:

i)y =x"-
(i) y = x* -
(iiy = x° a

(iv) y = x* at

(v) x = cos t, '

Answer

On differentiating with

Q:h’ —18x* +26x-10
dx

ﬂj| ==10
dx (. 5)

Thus, the slope of the tangenm is —10. The equation of the tangent is given as:

y—-5=-10(x - 0) Q

~
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>y—-5=-10x

=2>10x+y =5

The slope“of

Thus, the slope of
y=3=2(x-1)
= y-3=2x-2
= y=2x+l

=1 -1

The slope of the normal at (1Mra of the tangent at (1,3) 2
Therefore, the equation of the normal at (1, 3) is given as: !

~
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|
—3=——(x-1
¥ S(x=1)
=2y-6=-x+1
=x+2y-7=0

(iii) The equation of the curve is y = x°
On differentiating with respect 0 X, we

The slope of

Therefore, ti

|
1=

v 3 (x

=3p-3=—x

\
urve is y & x°.

(iv) The equation of th

Q—ZI
dx

ﬁ} _o
dx (i1, )

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y—0=0(x—-0)

v

~
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-1 I

The slope of the normal at (0, 0) is Slope of the tangent at (0,0) 0 ' \\pic is not
defined.

Therefore, the equation of the normal at (xo, yo) = (0, 0) is given by

1 1
DA N
= x+y—v'5=-:}

! -1,

t= Slope of the tangent at 1 = T

~
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1 1
I= 1 E,atl:(T, J—le
Therefore, the equation of the normal to the given curve at 2 2 is

1 |
——=1lx—-——.
T { ﬁ)
= x=)
Question 15:

Find the equati ;
(a) parallel

(b) perpendic

OSlope of the' |
If a tangent is p& i = pe of the tangent is equal
to the slope of the line. :

Therefore, we hav

2=2x-2
= 2x=4
=x=2
Now, x = 2

=y=4-4+7=7 \
Thus, the equation of the tangent p ng through (2, 7) is given by,

y-7=2(x-2) g
= y-2x-3=0 Ue

~
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Hence, the equation of the tangent line to the given curve (which is parallel to line 2x —
y+9=0)isV2x=3=0
(b) The equation of the line is 5y — 15x = 13.

13
y=3x+—
5y — 15x = 13 O 5

This is of the forn
OSlope of the line

If a tangent is p

y=mx+c.

e of the tangent is

36 is given by,

36 18

=36y-217=-2(6x-5) \

= 36y-217=-12x+10

=36y+12x-227=0 Q

~
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Hence, the equation of the tangent line to the given curve (which is perpendicular to line

5y — 15x = 13) i 36y +12x-227=0

Question 16:
Show that the tangents to the curve y at the points where x = 2 and x = -2
are parallel. |
Answer

The equation of t

Itis observ at the slopes'othe tangents a =2and x = -2 are
equal.

Hence, the t

Question 17:
Find the points angent is equal to the y-
coordinate of the
Answer

The equation of the given curve is y = x°.

% =3x

The slope of the tangent at the point (X, y) is given by,

Q} =3x’
dx i[x.x)

When the slope of the tangent is equal to the y-coordinate of the point, then y = 3x°. ,‘

~

Also, we have y = x°. .
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03x* = x°

Ox*(x-3)=0
Ox=0,x=3
When x = 0, then y = 0 and when x = 3

then y = 3(3)? = 27.
Hence, the required points are (0, 0) a 2
Question 18: Fo s at which the tangents
passes through the '
Answer

The equatio

Therefore, e on (1) reduces to:

—y=(12x* -1

y=12+"—10x"
Also, we have

S 12x7 =10x" = dx
= 8x" —8x" =0
=x-x'=0
:bxi[xz—l)ﬂ}
=x=0, £1

4{0]3—2[0]“*

Whenx =0, y =

Whenx =1,y =4 (1) — 2 (1)° = 2. g
When x = -1,y =4 (-1)° = 2 (-1)° = -2. A4

~
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Hence, the required points are (0, 0), (1, 2), and (-1, —-2).

Question 19:
Find the points on the curve x* + y? — 2

— 3 = 0 at which the tangents are parallel to
the x-axis. :
Answer

The equation of
On differentiating

Hence, the poil ‘ s are is are (1, 2) and (1, —-2).

Find the equatio or the curve ay? = x°.
Answer
The equation of the given curve is ay? = x°.

On differentiating with respect to x, we have:

Zayﬁ =3y

dx
_dy 32 \
de  2av g

~
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]
A Yyl

= The slope of the tangent to the given curve at (am?, am?®) is

The slope of a tangent to the curve at (xo, yo) is

ﬂ} ) sdmt_sm
dx (. anr| - Za(amj) C2a'm’ 2

Hence, the eg

y — am’
= 3my

= 2x+

Question 2
Find the equ ich are parallel to the
line x + 14y

Answer

Q=3x1+2
dx

O Slope of the normal to the given curve at any point (x, y)
-1
- Slope of the tangent at the point (x. v)
=__l \
3x' 42 ’

The equation of the given line is x + 14y + 4 = 0. g

~
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1 4
V==X
X+ 14y +4 =00 14 14 (which is of the form y = mx + ¢)
-1
OSlope of the given line = 14

If the normal is parallel to the line, the have the slope of the normal being

equal to the slope of the line.

Therefore, t NOrT ' and passing through

=:oy+6=l_—4[x+2]

= 14y+84=—x-2

= x+14y+86=0 \

Hence, the equations of the normals to the given curve (which are parallel to the given
x+14y-254=0and x+14y+86 =10, Q

line) are

~
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Question 22:
Find the equations of the tangent and normal to the parabola y* = 4ax at the point (at?,
2at).

Answer

The equation of the given parabola is y

On differentiating y* = 4ax withirespec

Now, the slope of the normal at )

»

Slope of the tanggnt at (éfz,ﬁm]z v

Thus, the equation’of at (at?, 2at) is given as:
y—2a!=—r[x—arz)
= y-2at=—tx+at’

= y=—tx+2at+at’

Question 23: \

Prove that the curves x = y? and xy = k cut at right angles if 8k*> = 1. [Hint: Two curves
intersect at right angle if the tangents to the curves at the point of intersection are

perpendicular to each other.] s
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Answer

_ 2 _
The equations of the given curves are given as™ ~ and xy = k.

Putting x = y? in xy = k, we get:

1
V=k=y=k

2
Lx=k7

Thus, the poir
Differentiating

O Slope of the ta

%][,3,&-:] .

We know that two curves intersect at right angles if the tangents to the curves at the
2 1

k*, k3]
are perpendicular to each other.

This implies that we should hWoduct of the tangents as — 1.
Thus, the given two curves cut at right angles if the product of the slopes of their

point of intersection i.e., at[

@1
(Rs,ka] .
respective tangents at is —1. &
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. 1 -1
Le., _l _l =-1

26\ k?

2
=2k =1

a3
=‘.‘~[2k3] =(1)
=8k =1

Hence, the give

Question 24:

Q} by,
{xm."'oj

F 2
i
Therefore, the slope of the tangent at{x“’ y") is Yo .

Then, the equation of the tangent at{x“’ yﬂ) is given by,

-

S

~
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hx
o J’Z {x =X }

= a'yy, —a'y; =blxx, —bix

Y=¥,=

= b'xx,—a’yy, —b'x; +a’y; =0

1 5
Mo W _[Fe o “ "'gbuthsidesbya“bz]

- y:.}’u
a ¥y

Question 25:

Find the equation of the tangent to the curve y=+3x-2 which is parallel to the line 4x
-2y +5=0.

Answer

The equation of the given CUM'

The slope of the tangent to the given curve at any point (X, y) is given by, I!

dv__ 3 ey
dr 2J3x-2 -
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The equation of the given line is 4x — 2y + 5 = 0.

y=2x+£ _
4x -2y +5=00 2 (which is of the form ¥ = "X +¢)

OSlope of the line = 2

Now, the tangent to the given curve is 'to the line 4x — 2y — 5 = 0 if the slope of

the tangent is equal to the slope of the

OEquation of t g , +0 is given by,

— 24y 18=48x—41
= 48x—24y =23

Hence, the equation of the require!’ Fangent is48x—24y= 23.
Question 26: Q

The slope of the normal to the curve y = 2x> + 3 sin xat x = 0 is

~
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1 1

(A) 3 (B) 3 (C) -3 (D) 3
Answer

The equation of the given curve is? =

Slope of the tangent to the given curve

Hence, the slope

Slope of the ta

The correc

Questi¢
The line
(A) (1, 2) (E

Answer

The equatio

Differentiatin
/ point (x, y) is given by,

The given line is y = x + 1 (which is of the form y = mx + ¢)
O Slope of the line = 1
The line y = x + 1 is a tangent to the given curve if the slope of the line is equal to the

slope of the tangent. Also, thWt intersect the curve.
Thus, we must have: '

~
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2
¥
=y=2

Now,y=x+l=x=y-1=2x=2-1=1

=1

en curve at the point (1, 2).

Hence, the liney = x + 1 is a tangent t

The correct answer is A.

~
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Exercise 6.4

Question 1:

1. Using differentials, find the approximate value of each of the following up to 3 places

of decimal

(i) 253 (ii) 49,5 (iii) Jﬁ

() (0.009)3 W)

(xiii) {8
Answer

(y V253

Consider? ~

Then,
Ay =+/x+Ax 3
=253 = Ay

dy

wr=( G =

=0.03

1
- 2755 (0

Hence, the approximate valueq V25.3 is 0.03 + 5 =5.03.
(i) 495 '

Consider-}’=ﬁ. Let x = 49 and Ax = 0.5. Q

Then, -
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Ay =+x+Ax —Jx =495 - J49 = 195 -7
=J495=T+ Ay
Now, dy is approximately equal to Ay and is given by,

dy=[%)&x=ﬁ(ﬂ.5}
L (0.5)2]

Hence, the app

1
(ivy (0:009)

'
Consider” =*’ . Let x = 0.008 and Ax = 0.001.
Then,
Ay = (x+ Ax)s —(x)s =(0.009); —(0.008)" = (0.009): ~0.2

|

=(0.009): =0.2+Ay

Now, dy is approximately equal to Ay and is given by, Q

~

collegedunia

Page 63 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

eltpege [

3(x)

Then,

Hence, the app 0.9999.

|
iy (19)°
1
Consider? =% Let x = 16 and Ax = —1.
Then,

1 ! [ | 1
Ay =(x+Ax)s —x* =(15)+ —(16)* =(15)+ -2
|
=(15)s =2+ Ay

Now, dy is approximately equal to Ay and is given by, Q

~
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I

—0.03125

Hence, the approxi

(vii) {26]5

J’{I

Consider

Hence, the approx

(viii) (255)¢

-_— 4
Consider‘v {x] . Let x = 256 and Ax = —1.
Then,

Ay = (e Av)' - ()¢ =(255)¢ “B8B)me (255 4

I
=(255)+ =4+ Ay Q
Now, dy is approximately equal to Ay and is given by, e

~
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oo(@regge ]

Hence, the approxi

1

(ix) {82)1

Then,

Hence, the approxi

1
) (401):
1
Consider? =*" | Let x = 400 and Ax = 1.
Then,

Ay =5+ A —x =301 - J/T00fa0 1 - 20
=401 =20+ Ay
Now, dy is approximately equal to Ay and is given by, Q

~
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= _“5 :L :xi
dfv—( Jﬁx 2&{.&1’) [asy :|
_leﬂ(l}_ilﬂ 0.023

Hence, the approximate value of V40l i

]

iy (0:0037):
I 2

Consider? =¥

Then,

Thus, the appro = 0.06083.

iy (26570

— v}
Consider? =% . Let x = 27 and Ax = —0.43.
Then,

1 ! i 1 1
Ay = (x+ Ax)s —x* =(26.57) Mg 26.57)° -3
I
=(26.57): =3+Ay

Now, dy is approximately equal to Ay and is given by,

~
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1
dy:[ﬁ)ﬂx= ! —(Ax) Iiasy=x5i|
s
1
=——1(-04
gl 9){—{: 3)

Hence, the approxi
3
(xivy (3:968)°
3

_ 043

=-0.015 -

— 41
Consider? =% . Let x = 4 and Ax = — 0.032.

Then,

-

3 3 3 3 3
Ay = (x+.ﬂx}5 -x?! ={3.963}5 —{4}5 = (3.968}5 -8

:::{3.968)% =8+Ay

~
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Now, dy is approximately equal to Ay and is given by,

ar=(L)ac=20 (a0 =]

. %{z}{-n.nsz}

=-0.096

Hence, the approxi

Hence, the approximate value of{u'lj}s is2 + 0.00187 = 2.00187.

Question 2:
Find the approximate value o‘r%where f(x)=4x*+5x + 2
Answer ’

Let x = 2 and Ax = 0.01. Then, we have:
f(2.01) = f(x + Ax) = 4(x + Ax)* + 5(x + Ax) + 2
Now, Ay = f(x + Ax) — f(x)

~
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O f(x + AX) = f(x) + Ay
L)+ (%) Ax (as dx = Ax)

= [(2.01) = (4x +5x+2) + (8x+5) Ax

=[4(2) +5(2)+2]+[3(2) ) [asx=2 Ax=001]

[x=5Ax=0001]

=(125-1 (75— 70)(0.001)
=-35+(5)(0.001)
=-35+0.005
=-34.995
Hence, the approximate valuoif f(5.001) is —34.995.
Question 4:
Find the approximate change in the volume V of a cube of side x metres caused by Q
increasing side by 1%. ~
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Answer

The volume of a cube (V) of side x is given by V = x>,
dV
sdb =) — [Ax
()
=(3x2)ﬂx

=(3x")(0.0
=0.03x’

Hence, the appr

Question 5:
Find theap

e is 0.12x2 m2.

Question 6:
If the radius of a sphe sred as 7 m with an error of 0.02m, then find the
approximate error in calculating its volume.

Answer

Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=7mandAr=0.02m \

Now, the volume V of the sphere is given by,

~
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y =3
3

ﬂ = dqp’
dr

If the rad
approxi
Answer ‘
Let r be the S| d e radius.
Then,
r=9mand
Now, the su
S =4nr?

=81(9)(0.03) m*
=2.16mm’

Hence, the approximate error in calculating the surface area is 2.16n m=.

Question 8: \

If f (x) = 3x*> + 15x + 5, then the approximate value of f (3.02) is
A. 47.66 B. 57.66 C. 67.66 D. 77.66
Answer =
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Let x = 3 and Ax = 0.02. Then, we have:
F(3.02) = f(x+Ax)=3(x+Ax) +15(x+Ax) +5
Now, Ay = f(x+Ax) - f(x)
= [(x+Ax)= f(x)+Ay |

= f(x)+ /' (x)Ax As dx = Ax)
= [(3.02) = 3+ '

The approxi
the side by 3
A. 0.06 x> m*

Answer

caused by increasing

The volume of
dv
sdV =) -
ar =4 Jax
= (3x%) Ax
=(3x%)(0.03x) [As 3% ofx is 0.03x]
=0.09x" m’

Hence, the approximate chani in the volume of the cube is 0.09x> m3.
The correct answer is C.

~
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Exercise 6.5
Question 1:
Find the maximum and minimum value
(i) f(x) = (2x — 1)? + 3 (ii) f(x) = 9x>
(iii) f(x) = —=(x — 1)* + 10 (iv) g(x) =

Answer

if any, of the following functions given by

(i) The given fu
It can be obse
Therefore, f

The minimum:

2x -1

OMinimu

Therefore, f(x

The minimum

OMinimum value of f =
Hence, function f does not have a maximum value.
(iii) The given function is f(x) = — (x — 1)? + 10.

It can be observed that (x — qz > 0 for every x O R.
Therefore, f(x) = — (x — 1)®> + 10 <10 for every x (0 R.

The maximum value of fis attained when (x — 1) = 0.
x-1)=00x=0 g
OMaximum value of f = f(1) = — (1 — 1)> + 10 = 10 ~
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Hence, function f does not have a minimum value.
(iv) The given function is g(x) = x> + 1.

Hence, function g neither has a maximum value nor a minimum value.

Question 2:
Find the maximm and minimum value
(i) fx) = Ix + 2.1 (i) g(x) =
(iii) h(x) = sin(2
(v) h(x) = x +4

Answer

he following functions given by

The minimu
|x+2|=0

= x=-2

OMinimum va

Hence, functior

+3

—|x+

(i) g(x) =

—lx
We know that |

very x (1 R.
—| +
Therefore, g(x) = |t+]| 3£3for every x O R.
+ 1=

The maximum value of g is attained whenlx ]| ﬂ.
=0 .
= x=-1

: —|-1+1|+3=3
OMaximum value of g = g(—-1) = "

Hence, function g does not have a minimum value. =

~
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(iii) h(x) = sin2x + 5
We know that — 1 < sin 2x < 1.
O-14+5<sin2x+5<1+5
O04<sin2x+5<6

Hence, the maximum and minimum va

h.are 6 and 4 respectively.

(iv) ) =S4

We know that —1
O 2 < sin 4x +

02 <|sin4
Hence, the.ma

(v) h(x)
Here, if

Also, if x; is
Hence, func

Question 3:

(iii). h(x) = sinx + cs, 2 (iv). f(x) = sinx —cos x, 0 < x < 2n

(V). f(x) = x> — 6x*+ 9x + 15

g{x]=§+%,x>l}

(vi).
‘l "
g(x)== \
(vii). X +2
i / (¥)=x1=0,x>0 6=
Answer =
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(i) f(x) = x*
S f(x)=2x
Now,

f'(x]=[]:‘.>x:ﬂ

Thus, x = 0 is the only critical point wh ossibly be the point of local maxima or

local minima of

w — .
We havef (0)=
Therefore, by, ocal minimum

value of f at.

(i) g00) =2

By second derivati Ui i : jail ycal minimum value of g

atx =1is g(1
x = —1is a poi T axima : f g at
x=-1isg(l)&(-1)°*-3(-1)

(i) h(x) = sinx + cos»

“h (x)=cosx—sinx

h'{x]=ﬂ:sinx=cosx:>tanx=l:>x=EE[U, EJ

h"(x)=—sinx—cosx=—(sin x4 cosx) 2
NI S >

~
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m
Therefore, by second derivative test, 4isa point of local maxima and the local

=" h(E]- 1n£+cos =2.

maximum value of h at 4is 4

4J‘T

(iv) fix) =sinx —cos x, 0 < x < 2n

the local minimum value of f at

(V) f(ix) = x> — 6x%g 9x + 15 _4
f'[x)=3x2—12x+ |

S(x)=0 :}3(x2—4x+3]=ﬂ

=3(x-1)(x-3)=0

=x=13

Now, f" \

(x)=6x-12=6(x-2)

£(1)=6(1-2)=-6<0 Q

"(3)=6(3-2)=6>0 -
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Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum value of fatx =1isf(1) =1 -6 + 9 + 15 = 19. However, x = 3 is a point of
local minima and the local minimum value of fat x = 3is f(3) =27 — 54 + 27 + 15 =
15.

Therefore, ivati ma and the local

(vii)
g(x)=——
(x1+2]
, -2x
g [x]=ﬂ:>—zzl}:> x=0
(xz +2)
Now, for values close to x = We left of 0,g (.r) >0. Also, for values close to x =

x)<0

[}
0 and to the right of 0,g ( !

~
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Therefore, by first derivative test, x = 0 is a point of local maxima and the local

g{ﬁ}is ! =

1
maximum value of 0+2 2+.

S(x)=xdl-x, x>0

(viii)

| k2

is a point of local maxima and the local

=
Therefore, by second derivatN

2
X

maximum value of f at 3is Q

~
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f[g):z 2.2 \ﬁiz_ﬁ
3) 3V 3 3V3 33 9

Question 4:

Prove that the following functions do nc axima or minima:

(i) f(x) = e (ii)
(i) h(x) = x> +
Answer

7(x) = logx

i. We have,
fix) = &

s (x)

ssume 0 for any

Therefore,
Hence, func
ii. We have,

g(x) = log x

1
g (x)==

x "
Sincelog x is defined [t ?pnaitive

Therefore, there dc :
Hence, function g dos not have maxima or minima.
iii. We have,

h(x)=x*+x*+x+ 1

b (x)=3x"+2x+1

Now, o

x_—Z:I:Zv'Ei_—I:I:\EEER
h(x)=003x+2x+1=00 6 3 Q

~
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U —
Therefore, there does not exist c[d R such thath (c} - ﬂ.

Hence, function h does not have maxima or minima.

Question 5:
Find the absolute maximum value and e minimum value of the following

functions in the given intervals:

iy /()= rre

£ (x)= 4%
(iii)
(iv) f(
Answer
(i) The
o f(x)
Now,

£(x)=0

Then, we eve thes at criticalwand at

fl0)=0 \
f(-2) = (-2)°
f2)=(2)°=8

d points of the interval

‘ absolute maximum value of fon [—2, 2] is 8 occurring
at x = 2. Also, the absolt inimum value of fon [—2, 2] is =8 occurring at x = —2.
(i) The given function is f(x) = sin x + cos x.

o f'(x)=cosx—sinx

Now

f'{-t]=ﬂ' = sinx=cosx:>hx=g

b
x==
Then, we evaluate the value of f at critical point 4 and at the end points of the "
interval [0, n]. collegedunia
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f[£J=SiH£+CQSE=L+L:i= 2
4 4 a3

J2o2 2

f(0)=sin0+cos0=0+1=1
f(rn)=sinn+cosmt=0-1=-1

Hence, we can conclude that the absol alue of fon [0, n] is ‘e{&_’curring

T
r=—
at 4 and the 2

MNow,
1(x)=

Then, we

[—2
interval

F(4)=16-

1 points of the

9
[ 2,‘
Hence, we can conclude that the absolute maximum value of fon 2 is 8 occurring

9
3]
at x = 4 and the absolute minimum value of f on 2 is —10 occurring at x = -2.
(iv) The given function isf[x) A\ v
L (x)=2(x-1) Q
Now, <3 )
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f'(x)=ﬂ:‘2(x— 1)=0D0x=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of the
interval [-3, 1].

F()=(1-1) +3=0+3=3
F(-3)=(-3-1) +3=16+3=14

Hence, we can co

fon [—-3, 1] is 19 occurring
at x = —3 and th )

Question 6:
Find the_ m

By second derivative test, 3 is the point of local maxima of p.

. Maximum profit = p [—%]

&l
=41—24( 2]_18 —3]
3

=41+16-8

oo
Hence, the maximum profit that the company can make is 49 units. A

~
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Question 7:

Find the intervals in which the function is

(i) increasing (ii) decreasing

Answer
1
f(x)=x"+ =

s f(x)=3x

Thus, when

In interval (

Thus, when

Question 8:
At what points attain its maximum value?

Answer

~
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47 4° 4andattheend

I_E
=
4

Then, we evaluate the values of f at critical points
points of the interval [0, 2n].

5. occurring

What is

Answer

e., when sin x and cos x
are both positive. A i th are positive in the first

m
" xXe [D,—]
quadrant. Then, ! (x)will be negative when 2 .

m
x=—

Thus, we consider 4.
T T T
"= |=-]sin=+cos— |=—| —" 2<0
r(3)snf i) B

~
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s
x==

OBy second derivative test, f will be the maximum at 4 and the maximum value of f

f{E]-sm +cosZ ! ! i_ﬁ
is 4 .

s B

Question 10: -
Find the maximu ]. Find the maximum
value of the sam
Answer :

Let f(x) = 2x> -

We first ¢
Then, we e and at the end points
of the interv
f(2) = 2(8)
f(1) = 2(1)
f(3) = 2(27)
3] is 89 occurring at x =

Evaluate the value of ritical point x = —2 [0 [—-3, —1] and at the end points of
the interval [1, 3].
f(-3) =2 (-27) — 24(-3) + 107 = =54 + 72 + 107 = 125

f(-1) =2(-1) — 24 (-1) + 107 = =2 + 24 + 107 = 129
f(-2) = 2(-8) — 24 (-2) + I.Q‘ = —-16 + 48 + 107 = 139
Hence, the absolute maximum v f(x) in the interval [-3, —1] is 139 occurring at x

Question 11: g
collegedunia
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It is given that at x = 1, the function x*— 62x*> + ax + 9 attains its maximum value, on
the interval [0, 2]. Find the value of a.
Answer

Let f(x) = x* — 62x* + ax + 9.

S (x)=4x"-124x+a

It is given that function f attains

L f(1)=0
=4-124+a=L
=a=120

Hence, the va

he interval [0, 2] at x = 1.

bL8 T »
=C08—=C05 = C05—
" 3

2x=
=X
T
=S x=——,—
33 3 3
% 2m dn sn
Then, we evaluate the value of f at critical points 3 3 3 3 andattheend points

of the interval [0, 2n].

-

~
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”1]1.2:[:[\1"5

Zl=Z4sin= =24 22
L3

(27 2z . 4z 2z 3
== sin

L3 )3 3 3 2

.‘4“_\

2n]
al [0, 2n]

Question1
Find two nu as possible.
Answer
Let one num

Let P(x) deno

P(x)=x(24-

L P (x)=24-13
P(x)=-2

Now, -
P'(x)=0 = x=12
Also,
P"(12)=-2<0

OBy second derivative test, ;m?isthe point of local maxima of P. Hence, the product
of the numbers is the maximum w he numbers are 12 and 24 — 12 = 12.

Question 14: o=

~

Find two positive numbers x and y such that x + y = 60 and xy> is maximum. .
collegedunia
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Answer
The two numbers are x and y such that x + y = 60.
Oy =60-x
Let f(x) = xy*

= /(x)=x(60-x)

Now, [

‘Whenx:
Whenx =15

OBy second f. Thus, function xy? is
maximum w

Hence, the req

Question 15:
Find two positive
maximum
Answer

Let one number be x. Then, the other numberis y = (35 — x).

Let P(x) = x?y°. Then, we have:

-

~
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P(x)=x"(35-x)
S P (x)=2x(35-x) —5x* (35-x)'
=x(35-x)"[2(35-x)-5x]
=x(35-x)"(70-7x)
= ?1(35.!]4 (10-x)

Now, P

When x = 3
equal to 0.

When x = 0,
O x =0 and

2 the product x? y°

and the product x?y2 will be 0.
‘the possibleﬂ ues 6? X.

O By second derivatiy will be the maximum when x = 10 andy = 35 - 10 =
25.

Hence, the required numbers are 10 and 25.

Question 16:

Find two positive numbers WMS 16 and the sum of whose cubes is minimum.
Answer

Let one number be x. Then, the other number is (16 — Xx). ey
Let the sum of the cubes of these humbers be denoted by S(x). Then,

~
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S(x)=x"+(16-x)
S8'(x) =327 =3(16-x)", §"(x)=6x+6(16-x)
Now, §'(x)=0 = 3x’ -3(16-x) =0
=¥’ —{lL‘-’n—.':c}I2 =0

=’ =256-x"+32x=0

, by cutting a square
ould be the side of

um possible?

and the breadth of the
box will be (18
Therefore, the
V(x) = x(18 —

~
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AV (x)=(18-2x)" ~4x (18- 2x)
=(18-2x)[18—2x — 4x]
=(18-2x)(18-6x)
=6x2(9-x)(3-x)
=12(9-x)(3-x)

-+ By second
Hence, if we ea C he square tin and make
a box from the re ini b Ir box J ained is the largest

possible.

Question 18:
A rectangular sheetie
cutting off square frd each corner and folding up the flaps. What should be the side of
the square to be cut off so that the volume of the box is the maximum possible?

Answer
Let the side of the square to be cut off be x cm. Then, the height of the box is x, the
length is 45 — 2x, and the br is 24 — 2x.

Therefore, the volume V(x) of the box is given by,

S

~
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V(x)=x(45-2x)(24-2x)
= x(1080-90x — 48x + 4x°)
=4y’ —138x" +1080x
SV (x)=12x" —276x+1080
=12(x* = 23x+90)
- ]2[.‘1‘— x—35)

Hence, the s ne box maximum

possible is

Question 19
Show that of al inscribe rcie, the square has the
maximum area

Answer

7 _ \

Now, by applying the Pythagoras theorem, we have:

S

~
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(2a)" =F +°
=b=da -I

= b=+da -1’

i fiz
OArea of the rectangle, A=NN4a" -1

aa_
dl’

A
Mow,— =10

dl

= h

Now, when [ =
diﬁ_—i(\ﬁa) . ” ﬁa3__4{ﬂ
dl* 224° 224°

- By the second derivative test, when! = \Ea, then the area of the rectangle is the

maximum.

Sincef =b= '"Eﬂ' , the rectangNare.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle,

the square has the maximum area. Q

~
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Question 20:
Show that the right circular cylinder of given surface and maximum volume is such that
is heights is equal to the diameter of the base.

Answer

Let r and h be the radius and height of

inder respectively.
Then, the surface area (S) of the cylind \

§=2m +2nrh

Nuw,whenr2=;a. o /gl [ ]—r=3r—r=2r,

Hence, the volume is the maximum when the height is twice the radius i.e., when the
height is equal to the diameter.

Question 21: *
Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic

centimetres, find the dimensions of the can which has the minimum surface area?

Answer 16 *’V\

Let r and h be the radius and height of the cylinder respectively. collegedunia
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Then, volume (V) of the cylinder is given by,
V=mh=100 (given)
_ 100

z

Sh

Surface area (S) of the cylinder is give

en the radius of the

cylinder is(

When r =[5—

Hence, the required dimensions of the can which has the minimum surface area is given

1 (|
(& )
— | cm 2l — | cm.
by radius = - and h w

Question 22: Q

~
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A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that
the combined area of the square and the circle is minimum?

Answer

Let a piece of length / be cut from the ¢ ire to make a square.

Then, the other piece of wire to of length (28 — /) m.

Now, side of squa

Let r be the radi

wl—4{28-/
_ M-4(28) N
8n :

:>{n;+4)£—112=ﬂ
= 112

n+4

2
4E=—“2 ,—d ':L = [
Thus, when ~ ®+4 dl \
= 112

. By second derivative test, the area (A) is the minimum when n+4 "

~
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Hence, the combined area is the minimum when the length of the wire in making the
112
square is T+4 cm while the length of the wire in making the circle

28 112 _ 28z
is n+4 m+4

Question 23:

Prove that the vo sphere of radius R is

27 of the volum

2 is given by,

" [ABC is a right triangle]

-

~
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:.V=%m'2(R+M)

— 4R 4R =9 1 F
= 0r' =B8R

=’ =§!i.‘2
9
2
When »* =§R2, then zj < ﬂ\

r2 =_§R2+
[0 By second derivative test, the volume of the cone is the maximum when 9 , '

~
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Whenr’:gﬂzj h=R+ ’R’—ﬁﬂi =R+ ’lRJ =R+£=ER.
9 9 9 3 3

Therefore,
(e
EERR 3
=£(1,ﬂs]
2703

= 1x{“-.’t:rll.um:' of
27

ume has an

Let rand h

Then, the vo

=N+ i

, 9K w N+ VR
=ty = ]
mr wr

= %‘u‘ rt 4917

~

collegedunia

Page 101 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

6m’r’ 16 2

[ — ] i T
_ N
3
»

e L

RERTE )

5

Hence, for a irved surface has an

altitude equal t

Question 25:

Show that the semi=v e of the cone of the maximum volume and of given slant

height is tan ' V2 .
Answer
Let 6 be the semi-vertical angle of the cone.
Ee[ﬂ, E}.
It is clear that 2 \
Let r, h, and / be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

~
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Now, r=/sin8and h =/cos 6
The volume (V)

=tan’#=2
= tanf =2
=@ =tan"' V2
Now, when 8 =tan™' 2. thentan’ @ =2 or sin’ 8 =2cos* 8.
Then, we have:

2 i
ﬂ:f—EEZWsjﬂ—MmsjE]#‘msB <0 for ae[n, E}
3 2

dg’

-1
OBy second derivative test, the volume (V) is the maximum when ¢ = tan ‘E Q

~
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Hence, for a given slant height, the semi-vertical angle of the cone of the maximum

-1
volume is tan ‘E-

Question 27:
The point on the curve x> = 2y which is

(A) (15,4)(8) * ﬁ’u)

(C) (0, 0) (D) (2,
Answer

o the point (0, 5) is

The given curve
For each’

The dist €

~
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VE 165 1100 (337 -8) - (x' - 8). - 3

25 16 4100
{x*—lﬁx’ +lﬂﬂ)

(x* —16x° +1{I-[I')(3x’ —8)

And,d"(x)=

Hence, the p
The correct ar

Question 28:

For all real values o
(Ao (B) 1

1
()3 (D) 3

Answer

~
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(142427 ) (=14 2x) = (1= x+x7) (14 2%)

(l+x+ xl)z

S ()=

=l 2x x4 2% =+ 20 =125+ x4 207 - X =2

(1+x+x"'

OBy second derivative test, fis the minimum at x = 1 and the minimum value is given
1-1+1 1

by f(l):1+1+1_3,

The correct answer is D.

Question 29:
[x[x—l}+]:|%,ﬂ£xilis Q

The maximum value of 3

~
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|
5 3
(A) 3/ (B) 2

(&)1 (D)o
Answer

Let flx)= [x{x—}+ ]]_; .

Hence, we can { value“fin the interval [0, 1] is 1.

The correct answer is C.

S

~
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Miscellaneous Solutions

Question 1:

Using differentials, find the approximat:

(=)
(a) 81 ()

Answer

value of each of the following.

(a) Considel

J(L]= 1 _1 o010

=1 81 4x8 81 32=x3 96

81
1

e SR
— | is =+0.010
Hence, the approximate value 3 = 0.667 + 0.010

= 0.677.

_ ey
(b) Consider? =% " . Let x = 32 and Ax = 1. '

-
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[ I 1 |
Ay=(x+Ax) s —x 5 =(33) 5 ~(32) 5 =(33) s -~
Then, 2

1
S(33) 5 = %+ Ay

Now, dy is approximately equal to Ay a

S

~
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= logx=1
= logx=loge
= x=e
X [—l]—{l—]ogx}{ix}
Nuw,f’{x}z X :

easing at the rate

of 3 cm per 2qual sides are equal

to the base?
Answer

Let AABC be
Let the length’s
Draw ADOBC.

! _g_ [} _g_ C
Now, in AADC, by applying thWras theorem, we have:
b |

AD =, Ja’ ——
4 o

~
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2
(A)= lb, ,aj b
O Area of triangle 2 4

The rate of change of the area with respect to time (t) is given by,

It is given that the two ides of4 ing at the rate of 3 cm per

second. ‘
da_

0o dr

L dd _
ot

Hence, if the equal sides aré equal to the base of the triangle is

Question 4:
Find the equati

Answer

& _
Zyafx 4
__4 2

T ~—
o dy

~
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-1 -l

=],

dy 1
. . dx | 1]
Now, the slope of the normal at point (1, 2) is '

COEquation of the normal at (1, 2) is y
Oy-2=-x+1
Ox+y—-3=0

Question 5:
Show that the
x=agcost +als

Answer
We have

= ysinf—asin® @+ af sin# cosd = —xcos# + acos’ 6 + aff siné cosé
= xcosf +y5in3—a(sin3v3+cnslﬁ'}=ﬂ

= xcosf+ ysind-a=0

Now, the perpendicular distarWnormal from the origin is

i Y
Veos B+sin’ 0 i , which is independent of 6. g

Hence, the perpendicular distance of the normal from the origin is constant. =
collegedunia
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Question 6:

Find the intervals in which the function
flx)=

is (i) increasing (ii).decreasing

dsiny-2y—xcosx
2+cosx

Answer

2xsinx—xsinxcosx

—cosx=0o0rcosx =4
But, cos x # 4

Ocosx =0
»z=22E .
272 ’
Fis im
Now,x == and x =-—
2 2 divides (0, 2n) into three disjoint intervals i.e., d )

~
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02) (53 )
2 2 2 2

(0,3] and [3—“,2::
In intervals 2

Thus, f(x) is incre

Answer

f(x)=x"+ ;

ee disjoint intervals
i.e.,{‘m=")=(—1s1)= c

(—.—1) and (1,2) £'(x)>0.

In intervals i.,e., whenx < —1and x > 1,

Thus, when x < —1 and x > 1, fis increasing.

i f'(x)<0.

Ininterval (-1, 1) i.e., when — :
Thus, when —1 < x < 1, fis decreasing.

~
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Question 8:

r 2

2 2
Find the maximum area of an isosceles triangle inscribed in the ellipse ¢ b with
its vertex at one end of the major axis.

Answer

The given e
Let the majc s be along the x —axis.
Let ABC be at (a, 0).

Since the elli isis icalfwi / —axis, we can assume

the coordinates ' d the coc SOfB t0 be (—x1, —y1).
Now, we have

OCoordinates of A ae ] and the coordinates of B are
b

(.x“ ——Jal—xf].
o

As the point (xy, y1) lies on the ellipse, the area of triangle ABC (A) is given by,

-

~
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A=t
2

(2= Yo on 2= o) 2=
=4 =bﬂ+xlgm (1)

dd_ 2xb b [

+e - 4 el —x] —_
dx, 21Jﬂ2—x|2 a '

S

~
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Thus, the area is the maximum when 2

O Maximum area of the trian%n by,

S

~
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a3 [£]£ a3
2 2)a 2
a3 ab\3 33
= + = ah
2 4 4
Question 9:
A tank with r
so that its deptt N eters

for the b:
tank?
Answer
Let /, b,
Then, we ha
Volume of t

Volume of t

=[=%2 S
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However, the length cannot be negative.

Therefore, we have /| = 4.,

ome constant. Prove

that the sum iral s lea ' uble the radius of the

Then, we have:
2nr +4a =k (where

k—2mr
= a=
4
The sum of the areas of the circle and the square (A) is given by,
k—2nr)
A=m‘1+a2=m'2+( ) :
16
2k =-2nr) (-2 k=2
.'.E:hr+ { r]( TI:}:Zm‘—u
dr 16
5y

~
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I\It:msfr,E =10
dar

8r=k-2ar
= (8+2m)r=k

O The s

light through the whole opening.
Answer

Let x and y be the length and breadth of the rectangular window.

Radius of the semicircular opM

~
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S

~
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Now, ﬁ=i."l
dx

= S-I[I +%J+%x=ﬂ

= S—I—Ex:ﬂ
4

light is given

Question 12:

triangle.

e | 5

G| b2
I

a triangle is at distance a and b from the sides of the
(d +h
Show that the minimum length of the hypotenuse is
Answer .

Let AABC be right-angled at B. Let AB = x and BC = y.

Let P be a point on the hypotenuse of the triangle such that P is at a distance of @ and b Q

from the sides AB and BC respectively. e
collegedunia

Page 122 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

Let OOC = 6.

and cosB= DY )

s

sosinf =

1

(b):
ER
Va® +b°

It can be clearly shown that

&’ (AC)
o

LTl
c:[)whentam?={—) .

] lor=

collegedunia

Page 123 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

Therefore, by second derivative test, the length of the hypotenuse is the maximum when

1

tan = [ET .
o

tanﬁ"=(—

Now, when

AC=

Hence, the

Question 1

Find the points at whicje functic
(i) local maxima (ii) loca minima
(iii) point of inflexi

Answer

. . ;
The given function isf (x)=(x=2)" (x+1).

A ()= 4(x=2) (x+1) +3(x+1) (x-2)"
=(x=2) (x+1) [4(x+1)+3(x~2)]
=(x=2) (x+1)"(7x-2)

Now. f'(x)=0 = x=—landx:§ orx=2 Q

~

collegedunia

Page 124 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

2 2
fx)=0.

= s
Now, for values of x close to 7 and to the left of 7 Also, for values of x close to

2 2
= =.f(x)<0.
7 and to the right of 7

2
xX=

Thus, Tist e point of local

Now, for values o or values of x close to

2 and to the ‘
Thus, x = 2 is

f(x)=cos’
Answer

f(x)=cos’

. 1
::rs:nx:E or cosx =1

—x=2_or Easxe[ﬂ,n]
6 2

\ x=§andx=%

Now, evaluating the value of f at critical points and at the end points of

the interval[n’I] (i.e., at x = 0 and x = n), we have: o=

~
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2
f(%] =cus"g+ sin% =[§] +

F(0)=cos’ 0+sin0=1+0=1
f{ﬁ]=l:0521t+5in1t={—l)z+ﬂ'=l

inscribed in
Answer

A sphere of i given.

. height oﬂe cone respect| ‘

The volume (V) of the cone is given by,

i
V=—nR*h
3

Now, from the right triangle Wave:
BC=+r - R |

|:|h=r+'\.l'r.i'TRI Q
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V=%T£R2(r+u'r2—RI):%mRzr+%ﬂR2xﬂr2—Rz

I —_
LA 2 e e R (2R)
dR 3 3 3 2R
=§m+%’§:mr2 R -

1

_ , Wt - R?
N Ty 9(-—R)
: 1
W - R (2nr =9nR* ) +(2nRr” —3aR*)(3R)———
_Zﬂ:r_l_ g { o ) ( : )( }Zu"i"z—R2
3 9(r* - R°)

2 2

Now, when R* = % it can be shown (hat a'_I: <0.
R* :E.

O The volume is the maximum when 9

~
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¥4 2 2
When R* = EL heightufﬂlconne:rﬂiri 8 =r+\/z=r+£=£.
9 9 9 3 3

Hence, it can be seen that the altitude of the right circular cone of maximum volume

that can be inscribed in a sphere of rad

Question 17:
Show that the

sphere of radi

Answer -

gure, we have /1

~
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V=mh=2m VR -1

dv 2 {—2r}
co— =4 R - +
dr 2«!32

_4wﬁ_—_r

41:1'(&2

3dr

Now, it can be obse

Y 232

OThe volume is the maximum when

2R AfF _E LS M
i mder is

When 3 , the height o

2R

Hence, the volume of the cylinder is the maximum when the height of the cylinder is \E . Q
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Question 18:
Show that height of the cylinder of greatest volume which can be inscribed in a right

circular cone of height h and semi vertical angle a is one-third that of the cone and the

tical angle (@) can be drawn

Here, a cyli
Then, OGAC
We have,

r=htana
Now, since AA

AO_CE
OG  EG
h__H
r r—~R :
h 1
H=—(r-R)= ht —Rj=——ht -R
= r{r ) hl:ana{ ane - R) tanrx( ana - R)
Now, the volume (V) of the cylinder is given by,
2 3
V=il =X (htan o - R)=nR*h R
tan o tan o
LAV my 3R ’

dR tan o g

~

collegedunia

Page 130 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

Now,d—ym‘.}
dR

3k

tan o

= 2htana = 3R

= 2nRkh =

2h
=>R:?tana

a4V

NUW, ﬁ =

Thus, the height of t i ird i hen the volume of
the cylinder is | '

Now, the maxi

Hence, the given result is proved.

Question 19:

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic mere
per hour. Then the depth of tMs increasing at the rate of

(A) 1 m/h (B) 0.1 m/h

(C) 1.1 m/h (D) 0.5 m/h g

Answer =
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Let r be the radius of the cylinder.
Then, volume (V) of the cylinder is given by,

V = n(radius)” x height
= :rl:{]lll]2 h (radius =10 m)
=100mh

Differentiating

dv dh
B 1)
dt dr

The tank is &

respect to tir

Hence, the d

v _Sat the point (2, —1) is

2 6
(A 7)) 7)) 6D
Answer

2 .2
The given curve is™ =/ +3r-8andy =2t —-2t-5.

cx

: dy
So—= —=44-2
dr 2f+3 and dr \

b & & _%-1

Cde dtodv 2+3 Q
The given point is (2, —1). ey
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At x = 2, we have:
F+3-8=2

=1 +3-10=0
=(r-2)(r+5)=0
=1=2ort=-5

Aty =-1, we
2 —2-5=-1
=2 -2t-4=4

The correct

Question 21

1 is a tangent t

_1’

(D) 2

The liney =

(A)1(B)2(C)

Answer

The equation of the - 0 the given curve is y = mx + 1.

Now, substituting y = mx + 1 in y> = 4x, we get:
= (mx+1)" = dx
= m'x +14 2mx—4x =0

= m*x’ +x(2m=4)+1=0 N}

Since a tangent touches the curve at one point, the roots of equation (i) must be equal.

Therefore, we have: Q

~

collegedunia

Page 133 of 138


Stamp


Class XII Chapter 6 — Application of Derivatives Maths

Discriminant =0

(2m—4) —4(m*)(1)=0

= 4m” +16-16m-4m* =0
=16-16m=0

=m=1

Hence, the required value of m i

=1

dv
dx 1]

Hence, the equation of the normal to the given curve at (1, 1) is given as:

=1

=:oy—l:1[x—]]

= y-l=x-1 \

=x-y=0

The correct answer is B.
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Question 23:

The normal to the curve x*> = 4y passing (1, 2) is
(A)x+y=3B)x—-y=3

O x+y=1D)x-y=1

Answer

Since (h, k) lies On the curve x?

hz
T4

From equation (i), we have:

=k
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h3
:>T:2ﬁ+2_2h:2

=i =8
= h=2
2
Lk=—=k=
4

Hence, the eg

Question 2|
The points © nakes equal intercepts

with the axe

o)
AL 3

(23]
o+ 8

Answer ) v
The equation of the given curve is 9y? = x°.
Differentiating with respect to x, we have:

9(2) L =3¢

=>%=£ -

by
; i {xls.}’l}-
The slope of the normal to the given curve at point is 5%
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-1 _ by

@1 x5
dl' LY

O The equation of the normal to the c

= xf =6y

Also, the point
9i=x

From (ii), we have: \
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9y =(4) =64
= 2 =.E
y] g
8
=+
=W 3

Hence, the required

The correct answi
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