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Special Instructions / Useful Data

R Set of all real numbers
R" {(%-%) 1% eR,i=1...,n}
P(A) Probability of an event A
i.id. Independently and identically distributed
Bin(n, p) | Binomial distribution with parameters n and p
POiSSOﬂ(H) Poisson distribution with mean &
N (y, 0'2) Normal distribution with mean gz and variance o?
The exponential distribution with probability density function
Ae™, x>0
Exp (A f(x]A)= ’ ’ , A>0
(%) (xI4) {0, otherwise
t, Student’s t distribution with n degrees of freedom
)(,f Chi-square distribution with n degrees of freedom
2. A constant such that P(W > an,a) =a, where W has y? distribution
P(X) Cumulative distribution function of N (0,1)
#(x) Probability density function of N (0,1)
AC Complement of an event A
E(X) Expectation of a random variable X
Var(X) Variance of a random variable X
¢ 1
B(m, n) .[xm‘l(l—x)”' dx, m>0,n>0
0

[x]

The greatest integer less than or equal to real number X

f ’

Derivative of function f

®(0.25)=0.5987, ®(0.5) = 0.6915, d(0.625) = 0.7341, ®(0.71) = 0.7612,

®(1)=0.8413, ®(1.125)=0.8697, ®(2)=0.9772
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ)
Q. 1-Q.10 carry one mark each.

Q.1  Let

1 2 0 2

-1 -2 1 1

P= .

1 2 -3 -7

1 2 -2 -4

Then rank of P equals

(A) 4
B) 3
(€ 2
(D) 1

Q.2  Let «, S,y bereal numbers such that f =0 and y = 0. Suppose

|: }
7/ O’

(A) a=0and py=1
(B) a#0 and gy =1
(C) a=0and py=2
(D) a=0and py=-1

Q.3 Let m>1. The volume of the solid generated by revolving the region between the y-axis and the
curve Xy =4,1<y<m, about the y-axis is 157. The value of m is

(A) 14 (B) 15 (C) 16 (D) 17

Q.4 Consider the region S enclosed by the surface z = y?

and y=1. The volume of S is

and the planes z=1,x=0,x=1y=-1

1 2 4
= = C)1 —
(A) 3 (B) 3 © (D) 3
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Q.5 Let X be adiscrete random variable with the moment generating function
0.5(et-1
M, (1)=e""" Y ter.
Then P (X <1) equals

A) e (B) ge‘” ©) %e‘”z (D) & =

Q.6 Let E and F be two independent events with
P(EIF)+P(FIE)=1 P(ENF)=2 and P(F)<P(E).

Then P(E) equals

1 1 2 3
(A) 3 (B) 3 © 3 (D) 2

Q.7  Let X be acontinuous random variable with the probability density function

1

f (X) = m, xeR.
Then E(X?)
(A) equals 0 (B) equals 1
(C) equals 2 (D) does not exist

Q.8  The probability density function of a random variable X is given by

a-1
o @ 0ex<lo o
0, otherwise

Then the distribution of the random variable Y = log, X 2 is

@) 2 ®) %z © 222 ©) 2

Q9 . : 1S,
Let X,,X,,... be asequence of i.i.d. N(0,1) random variables. Then, as n—>o, — E X,
nis

converges in probability to
(A O (B) 0.5 © 1 (D) 2
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Q.10  Consider the simple linear regression model with n random observations Y, = B, + 3, X + &,

i=1...,n, (n > 2). B, and f are unknown parameters, X,,...,X, are observed values of the

regressor variable and ¢,,...,&, are error random variables with E(gi)z 0, i=1...,n, and for

- 0, ifi=], RN .
Li=1...n, COV(«Si,S,-):{O_Z, ifi= | For real constants a,...,a,,if iZ:l:ai\(i is an
unbiased estimator of £,, then
(A) Y a=0and Y ax=0 (B) >.a=0and Y ax=1

i=1 i=1 i=1 i=1
© Da=land > ax=0 (D) Y a=1and > ax=1

i=1 i=1 i=1 i=1

Q. 11 - Q. 30 carry two marks each.

Q.11 Let (X,Y) have the joint probability density function

1, . .
Zye™, if0<y<x<om,

fxy)=12" =
0, otherwise.

Then P(Y <1| X =3) equals

1 1 1 1
(A) a1 (B) > (®) 9 (D) 3

Q.12 Let X,,X,,... beasequence of i.i.d. random variables having the probability density function

1
f(x) =< B(6,4)
0, otherwise.

x5(1—x)3, 0<x<l,

. n n(u,-2
Let Y, = n X;( and U, 1 D°Y,. If the distribution of M converges to N (0,1) as
n & o

n — oo, then a possible value of « is

(A) 7 ®) 5 ©€) V3 D) 1
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Q.13 Let X,,..., X, be arandom sample from a population with the probability density function

4e7 400 x5,

, BeR.
0, otherwise

f(x|0)={

If T, =min{X,,...,X,}, then

(A) T, is unbiased and consistent estimator of &

(B) T, is biased and consistent estimator of &

(C) T, is unbiased but NOT consistent estimator of &

(D) T, is NEITHER unbiased NOR consistent estimator of &

Q.14 Let X,,..., X, bei.i.d. random variables with the probability density function

f(x):{ex, x>0,

0, otherwise.

If Xy =max{X,,...,X,}, then lim P(X, - log, n <2) equals
(A)1-e7? @ e ¢ 0

_e-2 .
© e*® D) e®

QI5 et X and Y be two independent N (0,1) random variables. Then P(O< X24+Y? <4) equals

(A) 1-e7? (B) 1-e* (C)1-e! (D) e ?

Q.16 Let X be arandom variable with the cumulative distribution function

0, x <0,
g, 0<x<2,
F(X): X2
—, 2<x<4,
16
1, X>4.
Then E(X) equals
12 13 31 31
A) — B) — C) — D) —
()31 ()12 ()21 ()12
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Q.17

Let X,,..., X, be arandom sample from a population with the probability density function

f (x):%ex/g, xeR, 6>0.

For a suitable constant K, the critical region of the most powerful test for testing H, : @ =1 against
H,:0 =2 is of the form

(A) X >K B) > |X] <K
i=1 i=1
©) Zn:i<K (D) Zn:i>K
2% 2%
QI8 Let Xy, Xy Xy Xpigroos X (>4, m>4) be a random sample from N(u,0°);
n n+m-2
ueR, o>0. If >?1=12xi and X, =mL D" X;, then the distribution of the random
nisa T4 i=n+l
variable
T = Xn+m — Xn+m—1
n o Mm-2 2
x-S x-x)
i=1 i=n+l
is
(A) tn+m—2
2
B -
® \nrmog
2
C) ,[——t
& \n+m-4 ™
(D) tn+m—4
Q19 pet X,,...,X, (n>1) be a random sample from a Poisson(&) population, &>0, and
T =Zn:Xi. Then  the uniformly minimum variance unbiased estimator of 67 is
i=1
T(T —1) T(T —1)
A) —= B) ——~
(A) 7z (B) n(n-1)
(T-1) T?
Cc D) —
(©) n(n+1) () n?
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Q20 et X be a random variable whose probability mass functions f(X|H0)(under the null

hypothesis H,) and f (x| Hl) (under the alternative hypothesis H,) are given by

X =X 0 1 2 3
f(xIHy) | 04 0.3 0.2 0.1
f(x|H) | 01 0.2 0.3 0.4

For testing the null hypothesis H;: X ~ f(XlHo) against the alternative hypothesis

H,: X ~ f(x|H,), consider the test given by: Reject H, if X >g.

If o =size of the testand /S = power of the test, then

(A) a=0.3 and =0.3
B) a=0.3and f=0.7
(C) ¢=0.7 and #=0.3
(D) ¢=0.7 and g =0.7

Q.21 | et Xiy..., X, be a random sample from a N(ZH, 02) population, #>0. A consistent

estimator for @ is
1 5 1/2
i=1

i n ) 1 @ , 1/2
@3, Z{X‘ (D) (a ;Xi J

Q.22 An institute purchases laptops from either vendor V, or vendor V, with equal probability. The
lifetimes (in years) of laptops from vendor V, havea U (O, 4) distribution, and the lifetimes (in
years) of laptops from vendor V, have an Exp(l/ 2) distribution. If a randomly selected laptop in

the institute has lifetime more than two years, then the probability that it was supplied by vendor V,
is

2 1 1 2
W ore ® e e ®) 2iet
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Q.23 Let y(x) be the solution to the differential equation

x* ¥+ 4x°y +sinx=0; y(z)=1 x>0.
X

T
Then — | is
y(zj'

10 (1+~* 12 (1+~*
T T
14 (1+~* 16 (1+7*
T T
Q24 Leta,=e 2"sinnand b, =e "n?(sinn)’ for n>1. Then

(A) Y. a, convergeshbut » b does NOT converge
n= n=1

1

(B) Y'b, convergesbut Y a does NOT converge
n=1 n=1

(C) both > a, and » b, converge

n=1 n=1

(D) NEITHER " a, NOR ) b, converges

n=1 n=1

Q.25 Let
f(x):{g,sm (1/x), iig - g(x):{;’(smx)sm(l/x), iig

Then

(A) f isdifferentiable at 0 but g is NOT differentiable at 0
(B) g isdifferentiable at 0 but f is NOT differentiable at 0
(C) f and g are both differentiable at 0

(D) NEITHER f NOR g is differentiable at 0
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Q26 et f:[0,4] >R be a twice differentiable function. Further, let f(0)=1, f(2)=2 and
f(4)=3. Then

(A) there does NOT existany X, €(0,2) such that f'(x,) =%

(B) there exist X, €(0,2) and X, €(2,4) suchthat f'(x,)=f'(x,)
(C) f"(x)>0 forallxe(0,4)
(D) f"(x)<0 forallxe(0,4)

Q27 et f(x,y)=x"—400xy’ forall (x,y)eR? Then f attainsits

(A) local minimum at (0,0) but NOT at (1,1)

(B) local minimumat (1,1) but NOT at (0,0)

(C) local minimum both at (0,0) and (1,1)

(D) local minimum NEITHER at (0,0) NOR at (1,1)

Q.28 et y(x) be the solution to the differential equation

2
49 129 L9y, yo)=1 y(0)=-4
d x dx
Then y(1) equals
1 __30 3 -3/2
A ——¢ B) ——¢€
(A) 5 (B) 5
5 __3/2 7 .-3/2
C) —~e D) ——e
© 5 (D) 5

Q29 et g:[0,2] > R be defined by

X

g(x)=j(x_t)et dt.
0
The area between the curve y = g"(x) and the x-axis over the interval [O, 2] is

(A) e?-1 (B) 2(e’-1)
©) 4(e’-1) (D) 8(e’-1)
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Q.30 Let P bea 3x3 singular matrix such that PV =V for a nonzero vector V and

1 2/5
Pl O[=| 0
-1| |-2/5
Then
(A) PS:%(7P2—2P)
(B) P3=%(7P2—2P)
(©) P3=%(7P2—2P)
(D) P3=%(7P2—2P)
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Q.31-

Q.31  For two nonzero real numbers a and b, consider the system of linear equations

Q.32

Q.33

SECTION-B
MULTIPLE SELECT QUESTIONS (MSQ)

Q. 40 carry two marks each.

5 bl

Which of the following statements is (are) TRUE?

(A) If a=Dh, the solutions of the system lie on the line X+ Yy =1/2
(B) If a=-—h, the solutions of the system lie on the line y—x =1/2

(C) If a# =D, the system has no solution
(D) If a#=xb, the system has a unique solution

For n>1, let
L 27", ifnisodd,
" | -3, ifniseven.
Which of the following statements is (are) TRUE?
(A) The sequence {a,} converges

(B) The sequence {| a, |l/”} converges

(C) The series Z a, converges
n=1

(D) The series i |a,| converges
n=1

Let f:(0,00) >R be defined by

1

f (x)=x (el/xs _1+F

Which of the following statements is (are) TRUE?
(A) lim f (x) exists
(B) lim x f (x) exists

(C) lim x* f (x) exists

(D) There exists m>0 such that lim x™ f (x) does NOT exist.

X—>00
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Q34 For xeR, define f (x) =cos(zx) + [xz} and g(x)=sin(zx). Which of the following

statements is (are) TRUE?

(A) f(x) is continuous at x =2

(B) g(x) is continuous at X =2
f(x
(

)+g(x) is continuous at X =2
(D) f (x) g(x) is continuous at X =2

Q.35 et E and F be two events with 0 < P(E)<1 0<P(F)<1 and P(E|F)>P(E). Which
of the following statements is (are) TRUE?

(A) P(F|E)>P(F)
®) P(EIF°)>P(E)

() P(FIE®)<P(F)
(D) E and F are independent

Q36 et X,,..., X, (n>1) be a random sample from a U (26—-1,26+1) population, # R, and
Y,=min{X,,...,X,}, Y,=max{X,...,X,}. Which of the following statistics is (are)

maximum likelihood estimator (s) of 87
1

(A) Z(Y1+Yn)

(B) %(ZY1 +Y, +1)

©) %(Y1+3Yn -2)

(D) Every statistic T (X,,...,X,) satisfying (Ynz_l) <T(Xy..0X,) < (

Q37 et X,,...,X, be a random sample from a N(O, (72) population, & >0.  Which of the

following testing problems has (have) the region {(X1 Xn)e R": ZXf > ;(fa} as the most
i=1

powerful critical region of level « ?
(A) H,:c%=1againstH, 0 =2
(B) H,:0%?=1againstH,:c° =4
(C) H,:0°=2againstH,:0” =1
(D) H,:0°=1lagainstH,:c*=0.5
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Q38 et X;..., X, be a random sample from a N(O, 2(92) population, 4>0.  Which of the
following statements is (are) TRUE?
(A) (X,,...,X,) is sufficient and complete
B) (X,..., Xn) is sufficient but NOT complete

n
© z Xi2 is sufficient and complete

i=1

1 3 . . - . . .
(D) = > X? is the uniformly minimum variance unbiased estimator for 6°
n

Q.39 Let X,,..., X, be arandom sample from a population with the probability density function

fe 0
f(x]0)= )
0, otherwise
Which of the following is (are) lOO(l—a)% confidence interval(s) for 67
2 2 2
A) ZZn,;.—a/Z, Zz:,a/z ®) |0, Zin,a
2D X, 2DX, 2D X,
i=1 i=1 i=1
. . 2_2 X, 2_2 X,
(C) 2r:],1—a/2 ’ Znn,a/z (D) };2:1 , Zzlzl
)(i )(i 2n, a2 2nl-a/2

Q.40  The cumulative distribution function of a random variable X is given by

0, X< 2,
F(x)= %(xz—%], 2<x<3,
1, X=>3.

Which of the following statements is (are) TRUE?

(A) F(x) is continuous everywhere

(B) F(x )mcreasesonly by jumps

©€) P(X = )

(x
(
(D) P(X=—|2<X<3J 0
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SECTION-C
NUMERICAL ANSWER TYPE (NAT)

Q. 41 - Q. 50 carry one mark each.

Q.41 . 18
Let X,,..., X, be a random sample froma N (3,12) population. Suppose Y, =5 E X, and
i=1

1 L0 (Yl_Yz)z 2 - . - -
Y, ZZE X;. If =————==— hasa y, distribution, then the value of « is
i=7 a

Q.42 Let X be acontinuous random variable with the probability density function

Q, 0<x<3,
9

f(x)=

0, otherwise.

Then the upper bound of P(|X - 2| >1) using Chebyshev’s inequality is

Q.43 Let X and Y be continuous random variables with the joint probability density function

(x+y)

e , —o<X, y<0,
f(x,y)=
(x.y) {0, otherwise.

Then P(X <Y)=

Q.44 Let X and Y be continuous random variables with the joint probability density function

f(xy) ENP (X2+y2)/2, (x, y)eR%.

27

Then P(X >0,Y <0)=

45
< Let Y bea Bin (72, %j random variable. Using normal approximation to binomial distribution,

an approximate value of P(22 <Y < 28) is
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Q46 Let X bea Bin (2, p) random variable and Y be a Bin (4, p) random variable, 0< p<1. If

P(X 21):%, then P(Y >1)=

Q.47 Consider the linear transformation
T(XY,2)=(2X+y+2Z, Xx+2,3x+2y+2).

Therank of T is

n — o

Q.48 1
The value of lim n|e™"cos(4n) + sin[4—j is
n

Q49 et f:[0,13] >R bedefined by f(x)=x"—e*+5x+6. The minimum value of the
function f on [0,13] is

Q.50 Consider a differentiable function f on [0,1] with the derivative f'(x) =2./2X. Thearc
length of the curve y = f (x), 0<x<1, is

Q. 51 - Q. 60 carry two marks each.
Q.51 Let m be areal number such that m>1. If

= —3

11 .
jjeydydxdz=e—1,
0

JX
then m=
Q.52 Let
1 -3 3
P=0 -5 6].
0 -3 4

The product of the eigen values of P is
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Q.53 The value of the real number m in the following equation

V2 7r/2\/—
I X2 +y? dydx—I Ir dr d@
X

mz O

O'—’I—\

.54
Q Let a, =1 and an=2—lforn22. Then

n
> 1 1
5 (e

n n+1

converges to

Q.55 Let X,,X,,... be a sequence of i.i.d. random variables with the probability density
function

242X
f(x)= 4x°e ", x>0, -
0, otherwise

and let S, —ZX Then lim P(S <—+\/_j

n—ow

Q.56 Let X and Y be continuous random variables with the joint probability density function

c x?

—, O<x<1 y>1,
f(xy)=9 y° ,
0, otherwise

where C is a suitable constant. Then E(X)z

Q.57  Two points are chosen at random on a line segment of length 9 cm. The probability that the
distance between these two points is less than 3 cm is
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Q.58 Let X be acontinuous random variable with the probability density function

X—+1, -1<x<1,
2

0, otherwise.

Then P[l< X2 <lj=
4 2

Q.59

j:

N

If X isa U (0,1) random variable, then P(min (X,1-X)<

Q.60 Inacolony all families have at least one child. The probability that a randomly chosen family from
this colony has exactly k children is (0.5)k rk=12,.... Achild is either a male or a female with

equal probability. The probability that such a family consists of at least one male child and at least
one female child is

END OF THE QUESTION PAPER
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