Class XII Chapter 11 - Three Dimensional Geometry Maths

If a line makes angles 90°, 135°, 45° with x, y and z-axes respectively, find its direction
cosines.

Answer

Let direction cosines of the line be /, m, and n.
f=cos90°=10

m=cosl35%=——

|
NG

1
n=cosds=—
2

] ]
Therefore, the direction cosines of the line are {},——, and —.
2 J2

1 2:

Find the direction cosines of a line which makes equal angles with the coordinate axes.
Answer

Let the direction cosines of the line make an angle a with each of the coordinate axes.

~ | =cosa, m=cosayn=cosa

Fam+n =1
= 08 4+ COS @ HCcos =]
= 3cos @ =1
4 1
= C0S = —
3

1

3

= cosa =+

[y

~
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Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,

+—. an

1 1
are * , sand +—.
NERNE] NE
If a line has the direction ratios —18, 12, —4, then what are its direction cosines?

Answer
If a line has direction ratios of —18, 12, and —4, then its direction cosines are

_—13 12 -
JE18Y +(12) (=4 J(-18) + (12) + (-4 |J(-18)' + (12)" +(~4)’

=

“18 12 4
22 22 22
96 2
| 117 11
L -2
Thus, the direction cosines are - = 1—1. and ﬁ
4:

Show that the points (2, 3, 4), (-1, =2, 1), (5, 8, 7) are collinear.

Answer

The given points areA (2, 3,4),B(— 1, —2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (xi, y1, z1) and (xz, y2, 22),
are given by, X — x1, ¥> — yi, and z, — z;.

The direction ratios of AB-are (-1 — 2), (-2 — 3),and (1 — 4) i.e., =3, =5, and =3.
The direction ratios of BCare (5 - (- 1)), (8 = (- 2)),and (7 — 1) i.e., 6, 10, and 6.

It can be seen that the direction ratios of BC are —2 times that of AB i.e., they are
proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A, B,

and C are collinear.

~
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Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4), (-
1,1,2)and (-5, -5, — 2)

Answer
The vertices of AABCare A (3,5, -4),B (-1, 1, 2), and C (-5, =5, —-2).

A(55.-4)

B &
:1,3) (~5,-5.-2)

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., =4, —4, and 6.

Then,(—4)" +(—4)’ +(6)' =V16+16+36

=68
=217
Therefore, the direction cosines of AB are
—4 -4 6
J(4) + (=) +(6) (=) +(—4) +(6)_\J(=4) +(~4)" +(6)’
—4 i
2177 2 2017
-2 -2
7' \N7' Vg

The direction ratios of BC are (-5 — (-1)), (-5 — 1), and (-2 — 2) i.e., =4, —6, and —4.

Therefore, the direction cosines of BC are

4 6 —
VY +(26) () () +(6) + () (~4) +(-6)" +(~4)
_ -4 -6 4
17 217 2

The direction ratios of CA are (-5 — 3), (-5 - 5),and (-2 — (—4)) i.e., =8, —10, and 2.

Therefore, the direction cosines of AC are Q
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-8 . =5 ’ 2
JEBY +(10) (2 (=8) +(10) +(2) (-8) +(10) +(2)’
ie -8 -10 2

P NIV NIV NIT)

-
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Show that the three lines with direction cosines

12 -3 -4 4 12 3 3 -4 12
137137137137137137 13713713 are mutually perpendicular.
Answer

Two lines with direction cosines, /1, m;, n; and I, m,, n,, are perpendicular to each

other, if 1/, + mym> + nin, = 0

12 -3 -4
(i) For the lines with direction cosines, ~—.,~—.,——and
13713713
I? - =37 12 (-4 3
L+ mm, +nn, = — 4| — [x—+| — [x—
13 13 13/ 13 13) 13
_ 48 36 12
7169 169 169
=0
Therefore, the lines are perpendicular.
. 4 12 3
(ii) For the lines with direction cosine ﬁ’T“T“ a
E = &)
47753 12 (=) 312
L +mm, s M, =—x—+—x —x—
) t13 13 13 K13 ) 13 18
12 48 36

=t
Iﬁ'i} 169 169

=)
Therefore, the lines are perpendicular.

4 12
(iii) For the lines with direction cosines,

3 412
d=,
13713713

. —,—an
13 13 13

4 12 3

~——,~——.=—, we obtain
13 13 13

, we obtain

12 -3 -4 .
— ,—,— , we obtain
13 13 13

~

collegedunia

Page 5 of 58


Stamp


Class XII Chapter 11 - Three Dimensional Geometry Maths

zl‘l“‘u ./_4\.
f,fz+mlmz+nln.:[ x| —= |+ |><
V3 W13 13
_ 36 N 12 48
169 169 169
=0

b -f]*_:.\.

.-'_3 .’_4\.
)l
13, L13) 13

3 )

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

2:
Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).
Answer
Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the line
joining the points, (0, 3, 2) and (3, 5, 6).
The direction ratios, ai, by, ¢;, of ABare (3 -1), (4 — (-1)),and (-2 - 2)i.e., 2, 5, and
-4,
The direction ratios, a,, b,, ¢,, of CD are (3 —0), (5 — 3), and (6 —2) i.e., 3, 2, and 4.
AB and CD will be perpendicular to each other, if a;a, + bib>+ ¢cic; = 0
aiar, + bibo+ cicb =2 x3+5%x 2+ (—4) x4
=6+ 10 - 16
=0

Therefore, AB and CD are perpendicular to each other.

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (-1, =2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (-1, =2, 1) and(1, 2, 5).

The directions ratios, a;, by, ¢;, of ABare (2 - 4),(3-7),and (4 — 8) i.e., =2, —4, and
-4,

The direction ratios, a,, by, ¢;, of CD are (1 — (-1)), (2 — (=2)),and (5 — 1) i.e., 2, 4,
and 4.

~
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. a g
AB will be parallel to CD, if —=-—=—
a, b, ¢
a_-2_
a, 2
b, _ 4
b, 4
a_—4_
o, 4
a _ b e

Thus, AB is parallel to CD.

stion 4:
Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

the vector 3i + 2}—2%7.
Answer
It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is @ =i +2/ +3k
b=3i+2j-2k
It is known that the line which passes through point A and parallel to b is given by

F=d+Ab, wherewl is a constant.
a A - Foa . oy
=i +2f+3k+A(31 +2] 24

This is the required equation of the line.

Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 2:"—_}'+4»’; and is in the direction f+2_}'—:&T .
Answer Q

It is given that the line passes through the point with position vector - .
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G=2i—]+4k (1)

27—k -(2)

Il
—

h
It is known that a line through a point with position vector & and parallel to b is given by

the equation, 7 =d+ Ab
:,~F=:f—j+4£+,a(f+2j—£)

This is the required equation of the line in vector form.
F=xi—y+ =k

= xi—yj+zk=(A+2)i +(2A-1) j+(-2+4)k
Eliminating A, we obtain the Cartesian form equation as

x=2 y+l z-4
I 2 -1

This is the required equation of the given line in Cartesian form.

1 6:
Find the Cartesian equation of the line which passes through the point

(=2, 4, =5) and parallel to the line given by ‘x+3 = yi:-::—x
5 :
Answer ’

It is given that the line passes through the point (-2, 4, -5) and is parallel to
x+3 y-4 g8

3 3 6
. . . . X+3 yv=-4 z+8
The direction ratios of the line, 3 == ,are 3,5, and 6.
- 3 i
x+3 y—4 z+8
The required line is parallel.to ==
3 5 6

Therefore, its direction ratios are 3k, 5k, and 6k, where k # 0

It is known that the equation of the line through the point (xi, yi, z:) and with direction

. . . X=X ? g Z— I
ratios, a, b, c, is given by LY TN ]
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Therefore the equation of the required line is

x+2 v-4 z+5

3k Sk 6k

x+2 v—4 =45
p— = = :f[

3 6

Lh

x-5 y+4 z-6
7

The Cartesian equation of a line is . Write its vector form.
Answer

The Cartesian equation of the line is
2 % - ; (1)
The given line passes through the point (5, —4, 6). The position vector of this point is
d=5i—4j+6k

Also, the direction ratios of the given line are 3, 7, and 2.
This means that the line is in the direction of vector, b =3i + ';r'j+ 2k
It is known that the line through position vector @ and in the direction of the vector b is

given by the equation, 7 =d+ ih, A€ R

—F = |:ia —4}—6..',7 :|+fl(“1.r +7] +2H

This is the required equation of the given line in vector form.

Find the vector and the Cartesian equations of the lines that pass through the origin and
(5, =2, 3).
Answer

The required line passes through the origin. Therefore, its position vector is given by,

i=0 i)

The direction ratios of the line through origin and (5, —2, 3) are Q

(5-0)=5,(-2-0)=-2,(3-0)=3 <
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The line is parallel to the vector given by the equation, b= 5f—2|f+3£7

The equation of the line in vector form through a point with position vector & and parallel
to his, F=d+Ab, AeR

= F =ﬂ+ﬁ.(5£-2_}+3;§)

— = ;{(55—2_}43&)

The equation of the line through the point (xi1, v1, z1) and direction ratios a, b, c is given

by, YT ¥TNh _ 275
a b c

Therefore, the equation of the required line in the Cartesian form is

x=0 y-0 z-0
5.0 =2 3

Xy =
572 3

1 9:
Find the vector and the Cartesian equations of the line that passes through the points (3,
-2, -5), (3, =2, 6).
Answer
Let the line passing through the points, P (3, —2, —5) and Q (3, -2, 6), be PQ.
Since PQ passes through P (3, —2, —5), its position vector is given by,
a=31-2j-5k
The direction ratios of PQ are given by,
(3-3)=0,(-2+2)=0,(6+5)=11

The equation of the vector in the direction of PQ is

b=07-0j+11k=11k

The equation of PQ in vector form is given by, F =d+Ab, A R
= F = (37 - 2] - 5k)+ 117k

The equation of PQ in Cartesian form is

~
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XoX, _vew _z-ono x-3_y+2_z45

a b c 0 0 11

Question 10:

The given lines are parallel to the

respectively.

b, -b, =(3f+2}+6£)-(f+2}+2§]
=3x]1+2x2+6x2
=3+4+12

=19 -

~
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(ii) The given lines are parallel to the '—j—if and 52 =3f—5j—4£ ,

=cosQ =~

= (Q=cos

Question 11:
Find the angle between the following pairs of lines:

(i) x-2_y-1_ z+3and X+2-.y-4 _z-5
2 5 -3 =1 8 4

z x=5 -3

Answer
z.};
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Let.-f_:;l and 52 be the vectors parallel to the pair of lines,
x=2 _y-1_ z+3and x+2 _y-4 _z-5
2 3 -3 -1 8 4

, respectively.

b =2f+5}—3£and b, =—i +8 + 4k

x-5 _ y—5= z=3
4 1

, respectively.

-

~
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h=2i+2j+k
b, =4f+}+8£
“[B|=y@) +2) +(1) =vo =3
by | = 18 =BT =9

4 k) (44 ]+ 8K

Find the val

T-szy—
3p |

! are at righ

s of p s%he line
6—
5

Answer
The given equations can be written in the standard form as
x-1_y-2_z-3 ni x=1_y-5_z-6
-3 2p 2 =37, - -5
7 7

2 -
The direction ratios of the lines are —3,Tp , 2 and ﬁ, 1, —5respectively.

Two lines with direction ratios, a;, by, ¢; and a,, b,, ¢, are perpendicular to each other, if
aia; + by b, +cic; =0 ‘J;

~
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] Y ] Y
. ). l‘” ;‘” . T =5]=
--(_J} |'\. :'r ,'|+|t. ? J [I]+h[ :j) U
i ¥
7 7
= 11p="T0

= p=—
! 11

70
Thus, the value of p is ﬁ

13:
. x=5 y+2 = X y =z _
Show that the lines T = '—5= T and T =5 =§ are perpendicular to each other.
Answer
The equations of the given lines are E: y+2 _= and *_¥Y_z
7 -5 1 1 2 3

The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.
Two lines with direction ratios, a;, b1, ¢; and a,, b,, ¢, are perpendicular to each other, if

aia, + bi b, + cic; =0

27 X1+ (=5)x2+1x3

=7-10+3
=0
Therefore, the given lines are perpendicular to each other.

Find the shortest distance between the lines

,'-:{f ; 2}'}!5) | ﬂ.(f fii}and
:::Ef—_;—.i;+lu(2:?+_}:+3.é) Q
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Answer

The equations of the given lines are

;=(f+2f+£]+ﬂ,(f—}+."2)

=l

=2?—}—£+p(2f+}+2£)

It is known tha =G, +Ab, and F =d, + ub, , is

given by,

A T e
[T

=
i3

|
=)

Substituting all the values in equation (1), we obtain
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‘(—35+3E)-[E—3}—2£}|
32
-3.1+3(-2)

32

i =

=d=

Find t

Answer

d - ﬂ'z bz C-'z B {l}
'J(’E"Fz - by )2 +(ca, -cq, )2 +(ab, —ab )2

Comparing the given equathtain

~
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x=-1 yy=-1z=-1
a =7, b=-6,c =1
X, =3, ¥,=3 z,=7
a,=1. b,=-2 ¢, =
¥, — X, R =5 |4 6 8
Then,| a b ¢ =7 -6 I
el b, C, 1 -2 |
=4(-6+2)-6(7-1)+8(-14+6)
=-16-36-64
=-116

= J(he,=b.6 ) +(ca,-ca) +(ab, -ab) = J(-6+2) +(1+7) +(-14+6)’
=16+36+64
116
=229
Substituting all the values in equation (1), we obtain
g -116 =58 2x29 _ 239

229 29 _ J_

Since distance is always non-negative, the distance between the given lines is

29 units.

Question

Find the shortest distance between the lines whose vector equations are

r'=[f+2j+3;£)-,1{f 3)+2k)

andr = 4i +5 ]+ 6k + u [:zf +3j+k)

Answer

The given lines are Fe=i+ 2_}'+3£ +A (: -3+ ZkJ and r=4i+ 57+ 6k +,u[lf +3/+ k]

It is known that the shortest distance between the lines, ¥ = a, + ifi and 7 =a, v;.-!;_. ,is Q

given by, 2
collegedunia
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‘(bn xb|;_)-(c_z;|—az]‘ ()

o
]

and 7 =, + ub, , we obtain

e obtain

Therefore, the shortest distance between the two given lines is ﬁ units.

Question 17:

Find the shortest distance between the lines whose vector equations are

F=(1-)7 +(1-2) +(3—2r) Pl

r=(s+1)i+(25=1)j—(2s +1]£
Answer

~

The given lines are i
collegedunia
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r=(1=0)i +(r=2) j+(3-2)k
=r=(f-2]+3k )+e(-+j-2k) (1)
r=(s+1)i+(25-1) (25 +1)k

=:;=(f—}+E) +s(f+1}—2£

h,and ¥ =a, + ub, , is

Substituting all the values in equation (3), we obtain

d =

& 8
E‘:E \

Therefore, the shortest distance between the lines is 8 units.
V29 o=

~
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In each of the following cases, determine the direction cosines of the normal to the plane

and the distance from the origin.
(@)z=2(b) x+v+z=1

(€)2x4+3y—z=5(d)S5y+8=0
Answer
(@) The equation of the planeisz=2o0or0x + 0y + z =2 ... (1)

The direction ratios of normal are 0, 0, and 1.

L ANOHO 1 =1

Dividing both sides of equation (1) by 1, we obtain

Dx+0y+lz=12

This is of the form Ix + my + nz = d, where /, m, n are the direction cosines of normal to
the plane and d'is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0,-and 1 and the distance of the plane from the
origin is 2 units.

(b)x+y+z=1.. (1)

The direction ratios of normal are 1, 1, and 1.

O (1) (1) =3

Dividing both sides of equation (1) by +/3, we obtain

-(2)

~
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This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

1 ] 1
Therefore, the direction cosines of the normal are ——,—, and — and the distance of

| v . 3 V'IE

normal from the origin is ? units.
A

(c)2x+3y—z=5..(1)

The direction ratios of normal are 2, 3, and —1.

_._\/{2}:+{3}:+{_])3=V‘rﬁ

Dividing both sides of equation (1) by Jﬁ, we obtain

2 3 1 5
—_—rt——y———z=——
Jiat et et e
This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

2 3 -1
Therefore, the direction cosines of the normal to the plane are s , and and
V147 V14 J14

5
the distance of normal from the origin is T units.

(d)Sy +8=0

>0x—-5y+0z=8..(1)

The direction ratios of normal are 0, —5, and 0.
2 \J0+(=5) +0=5

Dividing both sides of equation (1)-by 5, we obtain
8

~
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This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the

8
distance of normal from the origin is Eunits.

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vector 3f+5j — 6k.

Answer

The normal vector is, # = 3f+5j—6i:

. 3i+5j-6k  3i+5j-6k

Lo H=E—=

Al ey sy s N0

It is known that the equation of the plane with position vector F is given by, 751 =l
. ( 3i -i—Sj— 6k \" _

—
I | -...'%

This is the vector equation of the required plane.

Find the Cartesian equation of the following planes:

(@) 77+ j—k) = 20) i 27 + 3] -4k ) =1
(© Fo[(s=20)i +(3-1) j+ (25 +1)k | =15
Answer

(a) It is given that equation of the plane is
Feli+j-k)=2 ol 1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given by,

F=xi+yj—zk

~
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Substituting the value of ¥ in equation (1), we obtain
(.\::?+ 1;—zk}{f +_}'—j§): 2
= x+y-z=2

This is the Cartesian equation of the plane.

(b) #-(27+3]=4k)=1 (1)

For any arbitrary point P (X, ¥, z) on the plane, position vector Fis given by,
F=xi +;|.-‘,:IE —zk

Substituting the value of ¥ in equation (1), we obtain

(J:f b +z§)-(2f + 3_;’— 4.1:) =1

= 2x+3y—-4z=1

This is the Cartesian equation of the plane.

(©) #[(s=20)i +(3-1)j+(2s+0)k | =15 (1)

For an;; arbitrary point P (x, y, z2) on' the plane, position vector F is given by,
F=xi+y —zk

Substituting the value of Fin equation (1), we obtain

[u+1;—:k)[{ s—21)i +(3-1) 4 {2..:-'+.';IFEJ =15

= (s—2t)x£{3 1) y#2s +1)z =15

This is the Cartesian equation of the given plane.

In the following cases, find the coordinates of the foot of the perpendicular drawn from

the origin.
(d) 2x+3y+4z-12=0 (b) 3y+4z-6=0
(€) x+y+z=1 (d) Sy+8=0

Answer

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, 21)-

~
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2x+3y+4z-12=0

>2x+3y+4z=12 .. (1)

The direction ratios of normal are 2, 3, and 4.

2 + (3 +(4) =35

Dividing both sides of equation (1) by /29 , we obtain
2 a2
J20© 297 J29© 29

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(/d, md, nd).
Therefore, the coordinates of the foot of the perpendicular are
(2 12 3 12 4 12 . (24 36 48)

—_— e — | 2., . . .
L2929 429429 2920 ) | 2949729,
(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x3,

Y1, Z1).
Iy+4z-6=0

= Ox+3v+4dz=0..(1)

The direction ratios of the normal are 0, 3, and 4.
e

SA0+3 +47 =5

Dividing both sides of equation (1) by 5, we obtain

f]'.‘::lzl'li::E Q
57 5 5
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This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(/d, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

(36 46).
LU'_'?‘T'EJ i.e., f}l—%ﬁ]
55 55 . 25 25

(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x;,

Y1, Z1).

x+y+z=1| (D)

The direction ratios of the normal are 1, 1, and 1.
AANEARHE =43

Dividing both sides of equation (1) byﬁ, we obtain
1 1 1
x4+ —,—J-’+ TZ =

|
BB BB
This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(/d, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

f1 1 1%l 1 3, [I]IW
| — —.— | L&§ 2= :

o " fa? [o [ * ~ [
| -\.'I_‘| -\|'3 -\|'_'| q'l_') -\n'_'u kN W 1 1 3_,-

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be (x;,
yll Zl)'
Sy+8=10

> 0x -5+ 0z=8..(1)

The direction ratios of the normal are 0, —5, and 0. Q
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20+ (=5) +0=5

Dividing both sides of equation (1) by 5, we obtain
8
p=—
.

This equation is of the form Ix + my + nz = d, where /, m, n are the direction cosines of

normal to the plane and d is the distance of normal from the origin.
The coordinates of the foot of the perpendicular are given by
(/d, md, nd).

Therefore, the coordinates of the foot of the perpendicular are
( (8 _ 8

0, 1|-],0 ie. [-:L——, D].
| W3 5

stion 5:

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, =2) and the normal to the plane is f+_}'—kﬂ .

(b) that passes through the point (1, 4, 6) and the normal vector to the plane is
;—2j+£.

Answer

(a) The position vector of point (1, 0, =2) is a _i -2k

The normal vector perpendicular to the plane is N —f+}—£

The vector equation of the plane is given by, [F—&}..-\:’ 0
::>[f—(f—2ﬂJ.[f+,-'—.-';']_ﬂ (1)

r is the position vector of any point P (x, y, z) in the plane.
LF=xivy+ =k

Therefore, equation (1) becomes

~
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(i + 37+ 2k) = (7 = 26) | 7+ - #) =0
= |:|[J.‘—|]|}T+r1,_':':+{z+2H’A:|.[f+j—ﬂt)={]
= (x=1)+y—(z+2)=0

= x+y-z=-3=10

= x+y—z=3

This is the Cartesian equation of the required plane.
(b) The position vector of the point (1, 4, 6) is @ =i+ 4}+{1IE
The normal vector N perpendicular to the plane is N= F—2}+;E

The vector equation of the plane is given by, {F—E].fi’ =10
::»[r’—[f+4_}'+61'5”,(f—2_f+ﬁf]=U (1)

r is the position vector of any point P (x, y, z) in the plane.
.'.F=xf+}:?+z£

Therefore, equation (1) becomes

(7 + 7 +2k) (7 4T 6R) (727 +£) =0

= [ (x=1)7#(F-4) 7 +(z-6)k (i —2] + k)=
=(x-1)-2(y-4)+H{2=6)=0

= x=2y+z¥l=0

This is the Cartesian equation.of the required plane.

Find the equations of the planes that passes through three points.

(a) (11 1! _1)1 (61 4/ _5)1 (_41 _21 3)
(b) (11 11 O)I (11 21 1)1 (_21 21 _1)

Answer

(a) The given points are A (1, 1, —-1), B (6, 4, =5), and C (-4, -2, 3).

~
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1 | -1

6 4 —5/=(12-10)-(18-20)—(-12+16)
-4 -2 3

—2+2-4

=0

Since A, B, C are collinear points, there will be infinite humber of planes passing through
the given points.

(b) The given points are A (1, 1,0), B (1, 2, 1), and C (-2, 2, —1).

1 1 0

1 I {=(-2-2)-(2+2)=-8=0

2
2 2 -1

Therefore, a plane will pass through the points A, B, and C.

It is known that the equation of the plane through the points,{Jf.,y.,Z.]l- [-Tp_l':-z:. ] , and

(x5.05.%;), is

x—x, YEUN IS,

x,—x, yi= z,—z,|=0

X=X, Yo Z g
x-1 p-1 =

= 0 ' 1 |=0

-3 i
= (2)(x=1)=3(y-1)+3z=0
= -2x—3v+3z+2+3=0
= -2x-3y+3z=-5
= 2x+3y-—3z=3

This is the Cartesian equation of the required plane.

Find the intercepts cut off by the plane 2x+ y—z=35

Answer

2x+y-z=5 (1)

~
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Dividing both sides of equation (1) by 5, we obtain

2 | -4
—x+———=]
5 5 3
X .1I Z
:>§+§+—5—| (2)
2
. . A ox y Z
It is known that the equation of a plane in intercept form is —+—b t—=1, wherea, b, c
a C

are the intercepts cut off by the plane at x, y, and z axes respectively.
Therefore, for the given equation,

a :E,b:i, and ¢ =-5

5
Thus, the intercepts cut off by the plane are Eﬁ S,and -5,

ion 8:
Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
Answer
The equation of the plane ZOX is
y=20
Any plane parallel to it is of the form, y = a

Since the y-intercept-of the plane is 3,

~a=23

Thus, the equation of the required planeis y = 3

Find the equation of the plane through the intersection of the planes

Jx—y+2z—4=0and x+ v+z-2=1 and the point (2, 2, 1) Q

Answer A
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The equation of any plane through the intersection of the planes,

3Xx-y+2z—-4=0andx+y+z-2=0,is
(3x—y+2z-—4)+a(x+y+z-2)=0, where x e R (1)

The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation
(1).

2
Substituting & = —5 in equation (1), we obtain

[3.1.‘—y+22—4]—%{x+y+z—2}={1
=3{3x-y+2z-4)-2(x+y+z-2)=0
= (9x=3y+62z-12)-2(x+y+z-2)=0
= Tx-5vp+4z-8=0

This is the required equation of the plane.

10:

Find the vector equation of the plane passing through the intersection of the planes

A

o 2f+2_:r'-—3 J 7, r'.{if—:'\_;—,?rﬂ- } 9 and through the point (2, 1, 3)
Answer '

The equations of the planes are » -(Ef— 2_}'— 3k ' =7and ¥ [Zr + ’i; + 3!5;)— g
= F-(2{ +2j-3k)-7=0 (1)

;=-[3E+5_}'+3;E]—9=n (2)

The equation of any plane through the intersection of the planes given in equations (1)
and (2) is given by, !

7 -[25+2_}'—3:E]—?}+ A :‘--(25+5_}+3§]—*}}=n, where 4 € R d
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F -[[2? +2]-3k)+ A(20 +5]+ 315]} 94+7

Fol(2+24)0 +(2+54) j+(34-3)k [=92+7 -(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,

F=2i+2]+3%

Substituting in equation (3), we obtain

(2747 -3k).[ (2+22)] +(2+52) j+(32-3)k | =94+7
= (2+24)+(2454)+(34-3)=94+7

= 18A-3=04+7

=04 =10

10
9

= A

10
Substituting 4 :? in equation (3), we obtain

= 7 +(387 +68 ] +3k) = 153

This is the vector equation of the required plane.

I

Find the equation of the plane through the line of intersection of the planes
x+v+z=land 2x+3y+ 4;_=5which is perpendicular to the plane x—y+z =10
Answer

The equation of the plane through the intersection of the planes, ¥+ ¥+ z=1and
2x+3y+4z=35,is

(x+y+z-1)+A(2x+3y+4m5)=0

= (244 1)x+(31+1)p+(4A41)z=(54+1)=0 (1)

The direction ratios, a;, by, ¢y, of this plane are (2A + 1), (3A + 1), and (4A + 1).

The plane in equation (1) is perpendicular to ¥—y+z=10

~
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Its direction ratios, a;, by, ¢, are 1, —1, and 1.
Since the planes are perpendicular,

aa, +bb, +ec, =0

= (2A41)=(3441)+(44+1)=0

= 34+1=0

1
3

= A=

1
Substituting 4 = -E in equation (1), we obtain
1 | 2

X
3 3 3
= yx—z+2=10

This is the required equation of the plane.

tion 12:

Find the angle between the planes whose vector equations are
Fo(2 +2]=3k) =5 and Fo(3i-3j+5K)=3

Answer

The equations of the given planes are F-(EF—E_}'—JJA:) =5and F-[EF—J}+5£:) =3
It is known that if /7, and /., are normal to the planes, 7-n, =d, and r-n, =d,, then the
angle between them, Q, is given by,

Ay 1y

||

cosQ = (1)

n“!
Here, n,=2i +2j—3k and n, =3i =3 + 5k

).5=-15

Lad

iy = (2042 -3K)(31 =3 +5k) =23+ 2.(-3)+(-

~
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Substituting the value of i1 -1, ﬁ.|and i, |in equation (1), we obtain
—15

V1743

= cos{d= .E

cos(J =

J‘ 1 = 3
In the following cases, determine whether the given planes are parallel or perpendicular,

and in case they are neither, find the angles between them.
(@) Tx+35y+6:z+30=0and 3x—y—10z+4=0

(b) 2x+y+3z—-2=0and x-2y+5=0

() 2x-2y+4z+5=0and 3x—-31+0z-1=0

(d) 2x—y+3z—1=0and 2x— v+ 3z+43=10

(e) dx+8p+z—-8=0andyp+:--4=0
Answer
The direction ratios of normal to the plane, L, : ax + 5 v +ez=10, are a, by, ¢; and

Lo iax+by#c,z=0are a,, b,, c;

L, i G

d, .

L LL.,if aa,+bb,+cc,=0

The angle between L; and L, is given by,

aa, +bb, +ce,

0 =cos”’ —
-,.|'a,: +b +of - Jay wby ot .
(a) The equations of the planes are 7x + 5y + 6z + 30 = 0 and
3x—-y—-10z2+4=0

Here, a; = 7, b1 =5,¢;,=6

~
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il =3, .FJ: :_L(-: =10
ayaa, +bb, + e, = Tx3+5%(=1)+6x(-10) =—44 20

Therefore, the given planes are not perpendicular.

a T b 5 - G 6 -3
—_— = —= = 31—:—:—
a, 3'b, -l ¢, -10_ 5
It can be seen that, ii‘rii,i
a, b, ¢

Therefore, the given planes are not parallel.

The angle between them is given by,

4 Tx3+5%(=1)+6x(-10) ‘
Q=¢US 2 2 2 2 2 2
V(7Y +(5) +(6) xy/(3) +(=1)" +(~10)
4| 21-5-60
= COs Jﬁxﬂ
_ o M
= C05 m
——— 2
=05 E

(b) The equations of the planesare 2x+¥+3z—2=0and x-2v+5=10

Here, @, =2,B =1, ;=3 and a, =1, b, =%2,¢, =0

Loaa, +bb, +ge, = 2x1+1x(-2)+3x0=0

Thus, the given planes are perpendicular to each other.
(c) The equations of the given planes are 2x—2yv+4z+5=0and 3x-3y+6z-1=10
Here, ¢, =2, b -2,¢,=4 and

a,=3,b,=-3,¢c,=6 aa,+hb, +ce, =2x3+(-2)(-3)+4x6=6+6+24=36=0

Thus, the given planes are not perpendicular to each other.

~
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a_b _q

La, by, oo

Thus, the given planes are parallel to each other.
(d) The equations of the planes are 2x—y+3z—1=0and 2x - y+3z+3=0

Here, a, =2, b ==L, =3 and a,=2, b, =-1, ¢, =3

2 -1 3
i=_=11ﬁ=_=|and S 2
a, 2 by — <,

a b ¢

Thus, the given lines are parallel to each other.
(e) The equations of the given planes are 4x+8y+z—8=0and v+z—-4=10
Here, a, =4 b =8, ¢, =land &, =0. b, =1, es=1

ad, +hb, +ees =4x0+8x1+1=9=0

Therefore, the givenlines are not perpendicular to each other.
a 4 h B Gl

= — —_= ===

a, 0 !r_ N c, |

a b
ol L T

1

L5 b: E.':

Therefore, the given lines are not parallel to each other.
The angle between the planes is given by,

Ax0+8x14+1x=1 9 1) .
O = cos ———— —————|=cos || —=[=cos" | = |=45° Q
JE 48 + 1 xR+ P+ 12 9x+/2 V2
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In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane

(a) (0, 0,0) Jx—4y+12z=
(b) (3, -2,1) 2x—y+2:z+3=0
(©)(2,3,-5) x+2y-2z=

(d) (-6,0,0) 2x-3y+6z-2=0

Answer

It is known that the distance between a point, p(xi, y1, Z1), and a plane, Ax + By + Cz =

D, is given by,

Ax, + By +Cz - D
JE+B+C

d =

(1)

(a) The given point is (0, 0, 0) and the planeis 3x—4y+12z=3

_3><D—4><f}+12x{}_3|- 3
\j(3}3+[—4}:+(|2]: V69 13

-
.

s

(b) The given pointis (3, — 2, 1) and the planeis 2x—y+2z+3=1)

Lad

2x

V(

-( lj‘llxli?.t |

+(-1)a2)’ |

Lad

d=

13

L.._-l.

(=]

[

)

(c) The given point is (2, 3, =5) and the plane is x+2y—2z=9

_2+zx3—2{—5)—9‘ gyt

=—=73

j{l)’ﬂz]%{—z]" 3

S

(d) The given point is (=6, 0, 0) and the plane is 2x—-3y+6z-2=10

~
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|2{—6} 3% 0460 zl 4
G |

-
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Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line
determined by the points (3, 5, —1), (4, 3, —1).

Answer

Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).

Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of OA are 2, 1, and 1 and of BCare (4 — 3) =1, (3 - 5) = -2, and
(-1+1)=0

OA is perpendicular to BC, if a;a, + bib, + ci1¢; = 0

:.ala2+b1b2+clc2=2x1+1(—2)+1x0=2—2=0

Thus, OA is perpendicular to BC.

2:
If /1, my, ny and I, m,, n, are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these are mn, —
mony, Nily — Naly, Iimy — Lmy.
Answer
It is given that' /3, my, ny and 3, m», n, are the direction cosines of two mutually

perpendicular lines. Therefore,

I+ mm, +nn, =0 (1)
ID4m +n =1 «(2)
I +m +n =1 -(3)

Let /, m, n be the direction cosines of the line which is perpendicular to the line with

direction cosines /1, my, ny and /5, m;, n».

~
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S+ mm g = 0
i, +mm, +nn, =0

! _ m _ "

N mn, —myny ol -l Lmy —Lm,
IE

(2, = m,

=

Substituting the values from equations (5) and (6) in equation (4), we obtain

12 m2 2

= = = l
(ml’:"z 'mznl}z [”2'!2 =, }z “1"32 —1,m, }1

=l=mn,—mn.m=nl,—nl.n=Im,—Im
(’
Thus, the direction cosines of the required line are i, —m,n,, nl, —n,l andm, —Lm,. -
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Find the angle between the lines whose direction ratios are a, b, cand b — ¢,
c—a,a-b.

Answer

The angle Q between the lines with direction cosines, a, b, cand b — ¢, ¢ — a,

a — b, is given by,

a[b—c]+b[c—u)+c(u—b} ‘
\fﬂ'z +5 4+ +\/[b—f]: +[c—a]3 +{a—h}2
= cos(J=10

= (O =cos ' 0
— 0 =90°

cos(J)=

Thus, the angle between the lines is 90°.

1 4:
Find the equation of a line parallel to x-axis and passing through the origin.
Answer
The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where

Direction ratios of OAare (a — 0) =4a, 0,0
The equation of OA is given by,
=0 y=-0 z-0

e )] 0
X 1 Z
——==—=—=g
1 0 0
Thus, the equation of line parallel to x-axis and passing through origin is Q
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(=T R

l
Il 0

If the coordinates of the points A, B, C, D be (1, 2, 3), (4,5, 7), (-4, 3, —6) and (2, 9,
2) respectively, then find the angle between the lines AB and CD.

Answer

The coordinates of A, B, C, and D are (1, 2, 3), (4,5, 7), (-4, 3, =6), and

(2, 9, 2) respectively.

The direction ratios of ABare (4 — 1) =3,(5-2)=3,and (7 —-3) =4

The direction ratios of CD are (2 —(—4)) =6, (9 —3) =6, and (2 —(—6)) =8

h 1

It can be seen that, 4 _H_4_1
c

a, b, 2

Therefore, AB is parallel to CD.
Thus, the angle between AB and CD is either 0° or 180°.

)n 6:
- e =3 - ] -
If the lines N : P and i =2 l=l z are perpendicular, find the value
-3 2k 2 3k 1 =
of k.
Answer
X r— 2=3 x—=1 y-=1 =z-6
The direction of ratios of the lines, il L, - = 2 and == , are =3,
-3 2k 2 3k ] -5

2k, 2 and 3k, 1, —5 respectively.

It is known that two lines with direction ratios, a;, b1, ¢; and a,, b,, c,, are
perpendicular, if a;a, + bib, + ci¢; = 0

So=3(3k )+ 2k x 14 2( 5)=0

= -9k +2k-10=0

= Tk=-10

::-»’r:_—m
7
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10
Therefore, for k = 7, the given lines are perpendicular to each other.

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the
plane r'-(.rT+ 2_;‘—515]#}:{}
Answer

The position vector of the point (1, 2, 3) is r| =f+2}+ 3k

The direction ratios of the normal to the plane, F-(f+2j‘_5E)+9 =(,arel, 2, and -5

and the normal vector is N = f+2}‘—5.’5

The equation of a line passing through a point and perpendicular to the given plane is

givenby, | =F+AN. ic R

:;»."_={'r7+2j:+3£}4/1{f+’_’j—51{]

8:

Find the equation of the plane passing through (a, b, ¢) and parallel to the plane

.f_"[.'?-l-j—;;.]::j

Answer

Any plane parallel to the plane, # [r +;—1f:| =2, is of the form
.l[f+_;+£]=;f “J

The plane passes through the point (a, b, c). Therefore, the position vector ¥ of this

point is r = ur7+f:_»;+c'f;

Therefore, equation (1) becomes

{_uf—hg}'—:-ﬂ}-(f+}'+.ﬂg]:i Q
—at+bh+c=4 =
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Substituting A = a+#h+¢ in equation (1), we obtain
F-(.r'ﬂ+_;+.£}=a+b+c: -(2)
This is the vector equation of the required plane.

Substituting ¥ = .v.‘f+f1;‘,‘f +zk in equation (2), we obtain
{xf+;;}+:ﬁ]-(f+}+!§)=a+b+c

= x+y+z=a+b+te

Find the shortest distance between lines ¥ =6f+2j’+2£+&[f—2}'+2§]

and 7 =—4f—£+p(3f—2}‘—2£).
Answer
The given lines are

F=6i+2j+2k+A(i -2 +2k) (1)

F=—4i -kt p (30 —2j=2k) -(2)

It is known that the shortest distance between two lines, r =g, +/IF;1 and r =a, +/U;_, , is
given by
(B xb.)-(& —a,)

/= |.ﬁ.I * ."'.Ia_,I

(3)

Comparing r =g, +/{f?-| and r =4, +,-{|"?-: to equations (1) and (2), we obtain

|=;_2.}+
a, =4 —k
h, =31 =2} =2k

= d, —d, (_—4£—£}—[ﬁf+:_}+zf$} —10f -2/ -3k Q
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i j k

= b x b, =l S22 | =(444)i—(-2-6)j+(-246)k =8 +8) +4k
3 2 -2

“[Bx b= (8 +(8) +(4) =12

(bx b.)-(a —d)=(8i +8] + 4k )(=10f =2 =3k ) =80 ~16=12 = ~108
Substituting all the values in equation (1), we obtain

d:‘—ms

12

Therefore, the shortest distance between the two given lines is 9 units.

=9

stion 10:
Find the coordinates of the point where the line through (5, 1, 6) and
(3, 4, 1) crosses the YZ-plane
Answer
It is known that the equation of the line passing through the points, (xi, y1, z1) and (x>,
.T-.‘L'l ¥Y=¥ B :_:I

Y2, ZZ)I is .= V. — 1 i, |
. LL o
The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

x=5 y-1Qz-6

3I-5 4-1 "1-6
x=35 r—1 g — 6

:>‘l =_\ 2 ]=kl$a}r1
~2 3 -5

= x=5-2k, y=3k+1,z=0-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —=5k).
The equation of YZ-plane is x = 0

Since the line passes through YZ-plane,

5-2k=0

= k=

a | Lh

~
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5
= 3k+1=3x—+1=
2

. oo (17 =13
Therefore, the required point is U‘T’_ .

W2° 2

Find the coordinates of the point where the line through (5, 1, 6) and
(3, 4, 1) crosses the ZX — plane.
Answer

It is known that the equation of the line passing through the points, (xi, y1, z1) and (x>,

e TRt
Y2, 22), IS = - _
_ X=X W=y I —ZI) .
The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,
x-5 y=L z=6
-5 1 -6
r=5 ‘y=1 z-b6
=— —_.l:
> ; 5 (say |

= x=5-2k, y=3k+1, z=06-5k
Any point on the line is of the form (5 = 2k, 3k + 1, 6 —5k).
Since the line passes through ZX-plane,

+1=0
1
= k=-—
3
(ehies 17
=5-2k=5-2| - |=
3 3
f)—ik:(}—it—llzb
3) 3
: 1T 23
Therefore, the required point is ?.ﬂ.? .
\

~
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Find the coordinates of the point where the line through (3, -4, =5) and (2, — 3, 1)
crosses the plane 2x + y + z = 7).

Answer
It is known that the equation of the line through the points, (xi, yi, z1) and (xz, v», 22), is

X=X, Y=y _ I-Z

X=X W= i — I
Since the line passes through the points, (3, —4, —5) and (2, —3, 1), its equation is
given by,

x=3 y+4. z+45

2-3 -3+4 145

1-_]i:_}--:-4:z+5:k{my}

= x=3-k, y=k-4,z=6k-5

Therefore, any point on the line is of the form (3 — k, kK — 4, 6k — 5).
This point lies on the plane, 2x + y + z =7

22B-K + (k—-4)+(6k-5)=7

= 5k-3=7
= k=2
Hence, the coordinates of the required pointare (3 -2,2 - 4,6 x 2 —5)i.e.,

(1, -2, 7).

Find the equation of the plane passing through the point (-1, 3, 2) and perpendicular to

each of the planes x + 2y + 3z=5and 3x + 3y + z = 0.

Answer
The equation of the plane passing through the point (-1, 3, 2) is
a(x+1)+b(y-3)+c(z-2)=0..(1) @

where, a, b, c are the direction ratios of normal to the plane. ¢
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It is known that two planes, qx+bv+cz+d, =0and a.x+by+c,z+d, =0, are

perpendicular, if aa, +bb, +cc, =0
Plane (1) is perpendicular to the plane, x + 2y + 3z =5
Sal+eb24¢.3=0

= a+2b+3c=0 -(2)

Also, plane (1) is perpendicular to the plane, 3x + 3y + z =0
SLa3+b 3+ =0

= 3Ja+3h+e=10 {3]
From equations (2) and (3), we obtain
e h e
4><l—3x3 3x3-1x1 l:<3 2x3
iizizizk(m}
-7 & -3 ’

—a=-Tk, b=8k, c=-3k

Substituting the values of a, b, and c in equation (1), we obtain
?k{.‘r [ I}+8‘k{ v 3} 3k(z-2)=0

= (-Tx=T)+( 24)=3z+6=0

—» =Tx+8)p= 17-23 0
= Tx—8y+3z+25=0

This is the required equation of the plane.

If the points (1, 1, p) and (-3, 0, 1) be equidistant from the plane

F+(3i +4j-12k)+13=0, then find the value of p.

Answer

The position vector through the point (1, 1, p) is 4, = f+_}+ pﬁE
Similarly, the position vector through the point (-3, 0, 1) is

G, =4 +k

~
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The equation of the given plane is ¥ -(3f+4_}'—|2ﬂ+]3 =10

It is known that the perpendicular distance between a point whose position vector is

g e a-N-d
a and the plane, ¥+ N =4, is given by, = | =
N

Here, N =3/ +4 j—12k and d = —13

Therefore, the distance between the point (1, 1, p) and the given plane is

[f+_}+pJE]-[3f+4j—12£)+13

D, = —
|3;'+4j—]2k|
DL |3+4—12p+13|1
VP4 +(-12)
=172
— D =‘2I:]—L'P| (1}

' 13

Similarly, the distance between the point (=3, 0, 1) and the given plane is

(—38 k)37 +4]-12k)+13

p

JFC LY
|9-12+13
= D: = ;
V3 +(-12)
~p,=2 (2)

It is given that the distance between the required plane and the points, (1, 1, p) and

(-3, 0, 1), is equal.

~ D1 =D,

_[20-12p]_3 Q
13 13 =
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—20-12p=8or —(20-12p) =8

= 12p=120r12p=28

7
= p=lor p=—

s

Find the equation of the plane passing through the line of intersection of the planes

F-[f+}'+»’;] =land F-(Ef+3j—.ﬁ?)+4={] and parallel to x-axis.
Answer

The given planes are

F -(f+}+§):1

:>F-(f+}+.i:)—1:ﬂ

Fo(2i43j—k)+4=0

The equation of any plane passing through the line of intersection of these planes is
_,:.[f+_}+£)—|_+A[;-‘-[Zf+3_}'—57:}+4-‘_1]

Fo(A+1)i+(@A+1)j+(1-A)k |+ (42+0=0 (1)

Its direction ratios are (2A + 1), (3A + 1), and (1 — A).

The required plane is-parallel to x-axis. Therefore, its normal is perpendicular to x-axis.
The direction ratios of x-axis are 1, 0, and 0.

SL(2A+1)+0(34:: 1)+ 0(1-4) =0

= 2A+1=0

" 1
= A=—=
3

; 1
Substituting 4 = 5 in equation (1), we obtain

3
2T @
::F(_}—Jéjmzu <
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Therefore, its Cartesian equationisy —3z+ 6 =0

This is the equation of the required plane.

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of the
plane passing through P and perpendicular to OP.

Answer

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratios of OPare (1 - 0)=1,(2-0)=2,and (-3 -0) = -3

It is known that the equation of the plane passing through the point (x1, y1 z1) is

alx—x)+b(y—y)+e(z==)=0where, a, b, and c are the direction ratios of normal.
Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1, 2, —3).
Thus, the equation of the required plane is

I(x-1)+2(¥y-2)-3(z+3)=0

=x+2y-3z-14=0

 17:

Find the equation of the plane which contains the line of intersection of the planes

F-[f+2j+3§)—4 =10, F-[Ef + f—ﬁE]+5 = [} and which is perpendicular to the plane

F-(Sf—}_;’—ﬁﬁ;)+3 0.
Answer

The equations of the given planes are
Fo(i+2f+3k)-4=0 (1)

;‘--(25+_,?-—;E:}+5=n )

The equation of the plane passing through the line intersection of the plane given in

equation (1) and equation (2) is

[r‘-[;‘“+2j+3£]—4}+A[f—(2f+_}—£)+5} 0 Q

Fol(2A+ 1) +(2+2) j+(3- )k [+(52-4)=0 WE

Lt
—
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The plane in equation (3) is perpendicular to the plane, ¥ -[5f—3,}'—&§]+8 =)

L 5(2441)43(1+2)=6(3-4)=0
=194-7=0
7

= A=—
19

. T
Substituting 4 =ﬁ in equation (3), we obtain

| 33: 45 - 50|41
=i —i+—j+—k|—=0
19 19 19 |19

= :—'-[335+45j+50£)—41 =0 (4)

This is the vector equation of the required plane.

The Cartesian equation of this plane can be obtained by substituting ¥ = xi +J;‘:f +zk in

equation (3).
[xf k4 :E]-(zﬁh 457+ smé}- 41=0

= 353x+45y+50z2-41=0

18:

Find the distance of the point (-1, =5, —10) from the point of intersection of the line

F=2i-j+ 2k+ A [.;h? 4+ Zfr-']and the plane 7.[f=/ + H =5

Answer

The equation of the given line is
r'-=2r?—_f+2ﬂ;+,€{3r'-+4_f+2ﬁr_=:| (1)
The equation of the given plane is

F(i-j+k)=5 -(2)

Substituting the value of  from equation (1) in equation (2), we obtain

~
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[": —;+"ﬁr+/b(_1.r +4f+’kﬂ ('—;+k}=
[[3/ +2)i +(44-1)j+(24+2) ] (r—_}'+k"']=5

= (34+2)-(44-1)+(24+2)=5

= A=10

Substituting this value in equation (1), we obtain the equation of the line as

F=2i— .l' +2k

This means that the position vector of the point of intersection of the line and the plane

is 7 =2 j+2k

This shows that the point of intersection of the given line and plane is given by the

coordinates, (2, —1, 2). The pointis (-1, =5, —10).
The distance d between the points, (2, —1, 2) and (-1, =5, —10), is

d=(-1-2) +(=5+1) +(-10-2) =\O+16+144 =169 =13

1 19:
Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes

F :[i‘—_f—LZ.’EJ—,Sand F-(_Ef+j'+i.7.}
Answer

Let the required line be parallel to vector b given by,

b=bhi+h,+ h,.ff

The position vector of the point (1, 2, 3) is a =i+ 2_}'—3;’:

The equation of line passing through (1, 2, 3) and parallel to b is given by,

F=da+Ab
= F(i +2j+3k)+ A(hi +byj+ b k) (1)

The equations of the given planes are

~
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J‘-[.r?—f+2.i:_]:5 -(2)

Fo(3i+ k=6 ~(3)

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal to
the plane of equation (2) and the given line are perpendicular.

=(i-j+ Ef)-/l(h,fvh:_hh_;ﬂ: 0

=> A(b, ~b, +2b,)=0

= b —b,+2b, =0 (4)

Similarly, (3i% j+k)-2(Bi +b.j+bk)=0

=> A(3b+b, +b,)=0

= 3b+b,+b, =0 «(5)
From equations (4) and (5), we obtain
b, b, b,
(“)x1-1x2 2x3—1x1 _Ix1-3(-1)
_ b _b_b
-3 5 4

Therefore, the direction ratios of b are -3, 5, and 4.
o B=bi+bj+bk=-3i+5]+4k
Substituting the value of b in equation (1), we obtain
F =[f+2_}'+3ﬂ+/’. 1.—3;'1 +S.}'+4.€-r:|

This is the equation of the required line.

Find the vector equation of the line passing through the point (1, 2, — 4) and

- - - 15 - -5
perpendicular to the two lines: ol g:'LHg=' mamd =1 _y-29_

3 —l6 7 3 8 =3

Answer i Q

Let the required line be parallel to the vector b given by, b= .ﬁ,f+h_,_}'+!:-{£;

collegedunia

Page 54 of 58


Stamp


Class XII Chapter 11 - Three Dimensional Geometry Maths

The position vector of the point (1, 2, — 4) is & =r7+2.}—-4k"

The equation of the line passing through (1, 2, —4) and parallel to vector b is
r=a+Ab

= F(i+ 2] —dk|+ A(bi +b,j+bk) (1)

The equations of the lines are

x—8 y+19 z-10
S -(2)

3 —16G
x—=15 y=29 z-5
— — Y] 3‘
3 8 =5 { ]
Line (1) and line (2) are perpendicular to each other.
. 3b, —16b,+7h, =0 .(4)
Also, line (1) and line (3) are perpendicular to each other.
~.3b, +8h,=5h, =0 .(5)
From equations (4) and (5), we obtain
by _ b, _ b,
(-16)(-5)-8x7 Tx3=3(-5) 3x8-3(-16)
—, hl b, _ "'I"'.L
24 3 g2
_ b b b
2 3 6

~Direction ratios of b are-2, 3, and 6.

Sh=20+3]+6k
Substituting b= 2.r7L+3_}+n'ﬁ.{T in equation (1), we obtain
r :[f+2_}'—4ﬂ;]+£(25+3_;+6.@)

This is the equation of the required line.

~
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Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the

1 1 1 1
origin, then —E+F+—:= .

e} [

Answer

The equation of a plane having intercepts a, b, ¢ with x, y, and z axes respectively is

given by,
xX v =z
—+=—+—==1 vl 1
a b ¢ {}

The distance (p) of the plane from the origin is given by,

Distance between the two planes: 2x+3v+4z=4 and 4x+6r+8z2=12is

(A)2 units (B)4 units (C)8 units

(D) %um’ts

Answer

The equations of the planes are Q
2x+3y+4z=4 (1) o
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dx+6y+8z=12
= 2x+3y+4z= -(2)

It can be seen that the given planes are parallel.

It is known that the distance between two parallel planes, ax + by + cz = d; and ax + by

+ cz = d,, is given by,

D= .r_fj:_fﬂ 3
Na +bh +e
= D= r - 6_4; ‘
JRy+(3) +(4)|
)
D=

2
Thus, the distance between the lines is Eunits.
Hence, the correct answer is D.

) 23:

The planes: 2x —y + 4z =5 and 5x — 2.5y + 10z =6 are

(A) Perpendicular (B) Parallel (C) intersect y-axis

i1
1

(C) passes through f].{),% |
Answer

The equations of the planes are
2x -y +4z=5..(1)

5x — 2.5y + 10z = 6 ... (2)

It can be seen that,

~
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Therefore, th
Hence, t

-
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